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PROLOGO

La producciéon del conocimiento cientifico y educativo en el campo de las
ciencias exactas y naturales se caracteriza, cada vez mas, por su capacidad de articular
fundamentos tedricos, desarrollos tecnologicos, practicas formativas y compromisos
sociales. En este contexto, el primer volumen de Pesquisa e Docéncia em Ciéncias
Exatas e Naturais reline un conjunto plural de trabajos que evidencian la vitalidad de la
investigacion contemporanea y la importancia de repensar la docencia como espacio de
construccién, mediacion y circulacion del saber.

Los capitulos que integran esta obra permiten percibir la amplitud de un campo
que no se limita a la transmision de contenidos de disciplinas cientificas, sino que se abre
a problemas complejos, metodologias diversas y experiencias docentes. La investigacion
matematica, fisico-quimica y computacional convive aqui con la ingenieria aplicada, la
inteligencia artificial, la ética profesional, la educacion matematica, la ensefianza de
las ciencias, la formacion superior y la preservacion del conocimiento paleontolégico.
Esta diversidad tematica refleja una vision amplia de las ciencias exactas y naturales,
entendidas no solo como areas de formulacion abstracta y experimentacion técnica, sino
también como practicas humanas, educativas e institucionales.

El volumen se inicia con trabajos dedicados a la modelizacion matematica,
fisico-quimica y al estudio de sistemas complejos. En este primer conjunto, se abordan
problemas relacionados con operadores diferenciales, semigrupos de contracciones,
isotermas de adsorcion, gases reales, potenciales de Lennard-Jones y Morse,
nanoestructuras y configuraciones de minimo potencial. Estos capitulos destacan la
importancia de la modelizacion, la abstraccion y la simulacion en la comprension de
fenomenos naturales y materiales.

En un segundo momento, la obra se orienta hacia las tecnologias aplicadas, la
ingenieria y los medios digitales en la formacion cientifica. Los trabajos reunidos en esta
parte muestran como el desarrollo tecnologico puede contribuir tanto a la creacion de
dispositivos y soluciones aplicadas como a la transformacion de los procesos formativos.
La presencia de estudios sobre electroestimulacion, generaciéon de graficos vectoriales
mediante reconocimiento de voz, aprendizaje profundo e inteligencia artificial en
contextos universitarios evidencia la necesidad de repensar la innovacion técnica junto
con sus implicaciones educativas, epistemoldgicas y profesionales.

La tercera parte concentra investigaciones orientadas a la docencia, el
aprendizaje y la equidad en contextos educativos diversos. Los capitulos analizan

cuestiones vinculadas a la ética en ingenieria, a la inclusion en educacién matematica,



al liderazgo y desempefio docente, a las actitudes hacia la estadistica, al aprendizaje
basado en proyectos, a la relacion entre suefo y aprendizaje, y a la calidad educativa
en la formacion superior en odontologia. En conjunto, estos trabajos subrayan que
ensenar ciencias y matematicas exige mucho mas que dominio de la disciplina: requiere
sensibilidad pedagdgica, reflexion institucional, innovacion metodologica y atencion a las
condiciones reales de aprendizaje de los estudiantes.

Finalmente, el volumen se cierra con una contribucion singular dedicada a las
ciencias naturales, los acervos fosiles y la preservacion del conocimiento paleontolégico.
A partir de una trayectoria de décadas en la prospeccion, coleccién y exhibicion de fosiles,
este capitulo invita a reflexionar sobre la colaboracion entre iniciativas privadas, museos,
universidades e instituciones cientificas. Su presencia al final de la obra ofrece un cierre
significativo, al recordar que la ciencia también depende de la conservacion, documentacion
y accesibilidad de los materiales que permiten reconstruir la historia natural.

De este modo, Pesquisa e Docéncia em Ciéncias Exatas e Naturais propone
una lectura que avanza desde los fundamentos cientificos y matematicos hacia las
aplicaciones tecnologicas, los medios digitales, los desafios de la ensefanza y la
preservacion del patrimonio natural. La obra evidencia que investigar y ensefiar estan
profundamente interrelacionadas: toda investigacion produce nuevas preguntas para
la formacion, y toda practica docente comprometida puede convertirse en espacio de
investigacion, innovacion y transformacion. De hecho, solo se puede ensefar bien a los
estudiantes aquel conocimiento que los investigadores antes comprendieron bien.

Esperamos que este volumen contribuya al dialogo entre investigadores, docentes,
estudiantes y profesionales interesados en las ciencias exactas y naturales, fortaleciendo
una perspectiva integradora, critica y colaborativa del conocimiento. Que los trabajos aqui
reunidos sirvan como punto de partida para nuevas investigaciones, nuevas practicas
pedagogicas y nuevas formas de aproximarse a los desafios cientificos y educativos de

nuestro tiempo.

Ramon Gonzalez Calvet



SUMARIO

MODELACION MATEMATICA, FiSICO-QUIMICA Y ESTRUCTURAS EN
SISTEMAS COMPLEJOS

CAPITULO 1 1

CONTRAST WITH THE HILLE-YOSIDAS THEOREM AND THE CONTRACTION
SEMIGROUP FOR AN ODD-ORDER DIFFERENTIAL OPERATOR

Yolanda Silvia Santiago Ayala
d- | https://doi.org/10.37572/EdArt_2706261091

CAPITULO 2 17

ISOTERMA DE ADSORCION DEDUCIDA DEL MODELO DEL BILLAR Y ECUACION DE
ESTADO APLICADA A LOS GASES REALES

Ramon Gonzalez Calvet
d- | https://doi.org/10.37572/EdArt_2706261092

CAPITULO 3 32

VERDADERAS NANOESTRUCTURAS DE MINIMO POTENCIAL GLOBAL DE
LENNARD JONES Y MORSE

Carlos Barron Romero
d- " https://doi.org/10.37572/EdArt_2706261093

CAPITULO 4 48

NUEVAS PEQUENAS NANOESTRUCTURAS DE MINIMO POTENCIAL DE LENNARD
JONES Y MORSE

Carlos Barron Romero
d- " https://doi.org/10.37572/EdArt_2706261094

TECNOLOGIAS APLICADAS, INGENIERIA Y MEDIOS DIGITALES EN LA
FORMACION CIENTIFICA

CAPITULO 5 66

DISENO Y GENERACION DE UN ELECTROESTIMULADOR TENS CON DIFERENTES
TIPOS DE PULSOS

Eduardo Garcia Sanchez
Luis Eduardo Banuelos Garcia



Mario Molina Almaraz

Osbaldo Vite Chavez

José Manuel Cervantes Viramontes
Maria del Rosario Martinez Blanco
Luis Octavio Solis Sanchez

Ireri Aydee Sustaita Torres

Pilar Cecilia Godina Gonzalez
Francisco Javier Martinez Ruiz
Sahara Araceli Pereyra Lopez

Ana Lourdes Aracely Borrego Elias

d " https://doi.org/10.37572/EdArt_2706261095

CAPITULO 6 84

GRAFICOS VECTORIALES SVG GENERADOS A PARTIR DE INSTRUCCIONES POR
VOZ MEDIANTE LA LIBRERIA SPEECH RECOGNITION

Moisés Garcia Villanueva
Salvador Ramirez Zavala

d- | https://doi.org/10.37572/EdArt_2706261096

CAPITULO 7 99

DE LAS REDES NEURONALES RECURRENTES A LOS TRANSFORMADORES:
EVOLUCION Y ANALISIS CRITICO DE LOS PARADIGMAS FUNDAMENTALES DEL
APRENDIZAJE PROFUNDO

Adolfo Melendez Ramirez
Francisco Jacob Avila Camacho
Juan Manuel Stein Carrillo
Leonardo Miguel Moreno Villalba

d. | https://doi.org/10.37572/EdArt_2706261097

CAPITULO 8 116

DISRUPCION ALGORITMICA Y CONFIGURACION DEL SABER INVESTIGATIVO:
LA INTELIGENCIA ARTIFICIAL COMO DISPOSITIVO EPISTEMOLOGICO EN
ESTUDIANTES UNIVERSITARIOS DE ICA, PERU

José Angel Meneses Jiménez
Pedro Julian Ormefio Carmona
Manuel Rocha Gonzales

Beny Pasquel Flores

Jorge Luis Arrué Flores

d- | https://doi.org/10.37572/EdArt_2706261098



DOCENCIA, APRENDIZAJE Y EQUIDAD EN MATEMATICAS, CIENCIAS Y
FORMACION SUPERIOR

CAPITULO 9 129

INCLUSION Y EQUIDAD EN EDUCACION MATEMATICA: PERSPECTIVAS TEORICAS
Y DEBATES ACTUALES

Carmen Cecilia Espinoza Melo
Erich Leighton Vallejos

d- " https://doi.org/10.37572/EdArt_2706261099

CAPITULO 10 138

PERCEPCION ESTUDIANTIL SOBRE EL LIDERAZGO Y DESEMPENO DOCENTE
DE PROFESORES DE MATEMATICAS Y SU RELACION CON LOS RESULTADOS DE
APRENDIZAJE

Francisco Javier Saavedra Alvarez
Raul Arnaldo Fuentes Fuentes
Paola Ramirez Gonzalez

d- I https://doi.org/10.37572/EdArt_27062610910

CAPITULO 11 165

ELIMINANDO ACTITUDES NEGATIVAS HACIA LA ESTADISTICA EN PSICOLOGIA:
EFECTOS DEL APRENDIZAJE DEL ANALISIS DE TEXTOS

Luis Fernando Gonzalez Beltran
Olga Rivas Garcia

d. " https://doi.org/10.37572/EdArt_27062610911

CAPITULO 12 175

¢QUE FUNCIONA (Y QUE NO) PARA INCORPORAR LA ETICA COMO COMPETENCIA
TRANSVERSAL EN ESTUDIOS DE INGENIERIA?

Ester Gimenez-Carbo
Lourdes Soriano Martinez

d" https://doi.org/10.37572/EdArt_27062610912

CAPITULO 13 183

DEL AULA AL ENTORNO: EL APRENDIZAJE BASADO EN PROYECTOS COMO
ESTRATEGIA PARA LA ENSENANZA DE LA QUIMICA AMBIENTAL

Elizabeth Gonzalez Sepulveda



Victor Neira
Felipe Neira

d") https://doi.org/10.37572/EdArt_27062610913

CAPITULO 14 194

CORRELACION ENTRE EL SUENO Y EL APRENDIZAJE EN ESTUDIANTES DE
MEDICINA: UNA REVISION SISTEMATICA

Juan Camilo Gonzalez Torres
Orlando Miguel Gonzalez Torres
Irina Tirado Ballestas

d.I https://doi.org/10.37572/EdArt_27062610914

CAPITULO 15 206

HABLANDO DE CALIDAD EDUCATIVA EN LA FORMACION SUPERIOR EN
ODONTOLOGIA: DESAFIOS EN LA DOCENCIA DE LAS CIENCIAS DE LA SALUD

Martha Patricia de la Rosa-Basurto
Jesus Rivas-Gutiérrez

Nelly Alejandra Rodriguez Guajardo
Christian Starlight Franco-Trejo

Luz Patricia Falcon-Reyes

Alejandra Estefania Esquivel-Lozano
Zitzingore Janitzi Lopez-Aguilar

d") https://doi.org/10.37572/EdArt_27062610915

CIENCIAS NATURALES, ACERVOS Y PRESERVACION DEL CONOCIMIENTO
PALEONTOLOGICO

CAPITULO 16 220
40 YEARS AS A FOSSIL PROSPECTOR, COLLECTOR, AND EXHIBITION MAKER

H.J. “Kirby” Siber
d- " https://doi.org/10.37572/EdArt_27062610916

ACERCA DEL ORGANIZADOR 231

iNDICE ALFABETICO 232




CAPITULO 1

CONTRAST WITH THE HILLE-YOSIDA'S THEOREM AND
THE CONTRACTION SEMIGROUP FOR AN ODD-ORDER

Data de submisséo: 02/05/2026
Data de aceite: 19/05/2026

Yolanda Silvia Santiago Ayala

Department of Mathematics

Universidad Nacional Mayor de San Marcos
Lima, Peru
https://orcid.org/0000-0003-2516-0871

ABSTRACT: This work studies the resolvent
properties of an odd-order differential
operator defined on periodic Sobolev spaces
and compares the results obtained with
the Hille-Yosida theorem. We prove that the
closed right half-plane is contained in the
resolvent set of the operator and that, for
complex parameters with positive real part,
the norm of the corresponding resolvent
operator is bounded by the inverse of that
real part. These estimates establish a direct
connection with the theory of contraction
semigroups. In addition, we analyze the
relationship between contraction semigroups
and the dissipativeness of their infinitesimal
generators. The study also considers particular
cases and generalizations for odd-order
differential operators, showing how resolvent
estimates, dissipativity and semigroup theory
are connected in this analytical framework.
KEYWORDS: contraction semigroups;
Hille-Yosida theorem; odd-order differential
operators; dissipative operators; periodic
Sobolev spaces; Fourier analysis.

Pesquisa e Docéncia em Ciéncias Exatas e Naturais

DIFFERENTIAL OPERATOR

CONTRASTE CON EL TEOREMA DE

HILLE-YOSIDA Y EL SEMIGRUPO DE

CONTRACCIONES PARA UN OPERADOR
DIFERENCIAL DE ORDEN IMPAR

RESUMEN: En este trabajo se estudian las
propiedades resolventes de un operador
diferencial de orden impar definido en
espacios de Sobolev periodicos y se comparan
los resultados obtenidos con el teorema de
Hille-Yosida. Se demuestra que el semiplano
derecho cerrado esta contenido en el conjunto
resolvente del operador y que, para parametros
complejos con parte real positiva, la norma del
operador resolvente correspondiente esta
acotada por el inverso de dicha parte real.
Estas estimaciones establecen una conexién
directa con la teoria de semigrupos de
contracciones. Ademas, se analiza la relacion
entre los semigrupos de contracciones
y la disipatividad de sus generadores
infinitesimales. El estudio también considera
casos particulares y generalizaciones para
operadores diferenciales de orden impar,
mostrando cdmo las estimaciones resolventes,
la disipatividad y la teoria de semigrupos se
articulan dentro de este marco analitico.
PALABRAS CLAVE: semigrupos de
contracciones; teorema de Hille-Yosida;
operadores diferenciales de orden impar;
operadores disipativos; espacios de Sobolev
perioddicos; analisis de Fourier.
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1. INTRODUCTION

Recall, Hp.r is the periodic Sobolev space with s a real number, a > 0 and
A:= —d3 — al is the infinitesimal generator of the semigroup {S(®)}e=0 in Hp,, that we
proved in [2]. We are interested in knowing the resolvent set of 4, and bounding the norm
of the resolvent operator of 4 in the sense of obtaining.

1
|ar— a1 < 7o VAEC

where C,:= {1 € C: Re A = 0} c p(A), which connects us to the Hille-Yosida’s Theorem.

In this analysis we obtain much more, we will obtain that the closed right half-plane
is contained in the resolvent set of A. And we will generalize the results obtained for an
odd-order differential operator.

Furthermore, we will explore the connection between being a contraction semi-
group and the dissipativeness of its infinitesimal generator. We will do this study for A and
its generalization A. We also obtain results for the case a=0 and their generalizations.

We can cite [2] and [3], where we find some results related to operator A. And we
cite [5] and [6] for being a source of inspiration for this work.

The structure of our article is as follows. In section 2, we outline the methodology
used and provide the citations for the references consulted. In section 3, we study the
resolvent operator of A and A In section 4, we study the equivalence between -Semigroup
of contraction and dissipative operator, and its generalization. Finally, in section 5, we

present the conclusions of our study.

2. METHODOLOGY

In this article, we mainly employ [2] and [3] as the theoretical framework. In
addition, we use the references [4], [1] and [7] for the Fourier theory in Hj,,, and differential
calculus in Banach spaces.

Motivated by proving that A is the infinitesimal generator of a contraction
semigroup, obtaining important properties of the resolvent of A, we will compare the
results obtained with the famous Hille-Yosida’s theorem and its Corollary, from [6].

Moreover, we will explore the connection between being a contraction semigroup

and the dissipativeness of its infinitesimal generator.
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3. RESOLVENT OPERATOR OF A AND AON C,
31. RESOLVENT OPERATOR OF A

We introduce the following set
C,:={A€CRedA>0}
and we denote A= ReA +iIm A.
Thus, we will prove that C, c p(4).

In Theorem 31 from [3] we proved that A is dissipative. That s,
Re < Av,v >;= —a ||v||? < 0,vv € D(A).
So, we will prove that A dissipative implies (3.1).

Theorem 3.1 Let se Rand a>0. Then the operator A:= -3 — al satisfies

[|[(AI — A)u|lg = Re 4 ||ullg,Vu € D(A), A € C.. (31)

Proof.- Indeed, let u€ D(A), u#0 andA € C,

A = Aullsllulls = |< (A = Du,u >| = Re{< (A — A)u,u >4} (3.2)

Now,
< (Al — Du,u >= A|ull?—< Au,u >

Then

Re < (AI — A)u,u >,= Re A||ul|> — Re < Au,u >,=> Re 2 ||[u|? (3.3)

since Re < Au,u>,<0 .
Using (3.3) in (3.2) we obtain

A1 = Aullsllulls = Re A llull?.

Since u#0 implies ||u|| > 0, then

1A — A)ulls = Re 4 ||ull; .

If u=0, equality in (3.1) holds.
| |
Remark 3.1 From Theorem 3.1 we have that AI-A is injective forallA € C, .

Theorem 3.2 Let s€R and a > 0. Then the operator A:= —a3 —al satisfies
Im(Al — A) = Hj,, VA €C,.
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Proof.- Indeed, letA € C,, f € H},, , we will prove that there exists ueD(4) such
that (AI-A)u = f.
First, we will obtain the candidate for the solution. To achieve this, we apply the

Fourier transform to

f=du+@U+au (3.4)
with u € D(A) and obtain
f) = @3a(k) + A+ a)t(k) = (A + a — ik® )a(k). (3.5)
We have
—_il3
A+a—ik° #0,Vk €Z (3.6)
since |A+a—ik3| = J@ReA+a)?2+ (ImA—k3)2>0,Vk € Z where A=Re A +ilm A.
From (3.5) and (3.6) we obtain
Sn f (k)
u(k)_1+a—ik3‘Vk€Z' (37)
From which we get our candidate for the solution of (3.4)
fk) !
- (H——k3>k] | 8
Second, we will prove
u€HSE3 and AM >0, |lul, <lull, ;< VM |l f I, (3.9)
Indeed, from (3.8) we have
+o0
s+3 A
lulZ g = 2m Z (1+k2)" 1 a@)P?
k=—o0
S fo |
_ 2 s+3
_Zﬂkz 1+ =y
+oo 3
_ 215 | 2 2 (1 + kz)
= Z”k_z U+ VO Gearars ama—e7  ©@10)
= S)=

whereA=ReA+ilmA.

We have that there exists M > 0 such that
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0<6&(k) <M,Vk €L (311)

Using (3.11) in (310) we get

+o0
lullZs < 320 D" (1+42)" [0’ = MlfI

k=—o0

As H;;rﬁ C Hp,, and with continuous immersion we get (3.9).

Finally, we will prove (AI-A)U=f in Hj,, . Indeed,

+o00
I = Ay = fliE=2m > (1+#2)".] O+ a = ka0 - FG)|°

k=—o0
S D CEYN
=2 Y (1+K) | O+ a— i) === = )
k=0
+o0
S|a S 2
=2r Y (1+8)[fG) - FGol* = 0. (312)
k=—o0

That is, (AI-A)U - f=0.
||
Theorem 3.3 Letse€ Rand a > 0. Then (AI - A)™: H},, > D(A) is a bounded linear

operator for each A€ C, and it satisfies: aM>0 such that
a1 -4 <Vm,aec.

Proof.- The inequality (3.1) implies AI-A injective for all 2 € C.. Thus, from Theorem
3.2, we have that AI-A is bijective then there exists (A1 —A)™': Hj,, - D(A) which is linear
with (Al — A)~1f = u and from (3.9) it satisfies

<VMI|flls,Vf € Hyer , YA EC, . (313)

s+3

lar—ay-1f| < [|@a1 - & f]|

Then (AI-4)"' is a bouded operator such that ||(AI — 4)7!|| < VM holds forallAe C..

| |
Remark 3.2 Also from Theorems 3.1 and 3.2 we obtain
_ 1 . _
|ar — a) 1f||s < w7 Iflls.Vf € Hyer, VA EC.. That s, ar - a1 sé,wle C..

Therefore, we obtain the following result.

Corollary 3.1 Based on the hypothesis of the previous Theorem, we get C, c p(A) and

1
a1 — a7 < po7 VAEC..
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Proof.- From Remark 3.2 or Theorems 3.2 and 3.3 we obtain the result.

[

Corollary 3.2 Since R*c C. then R*c p(4) and |(AI = )7 < % ,VA4>0.

Proof.- From Corollary 31 we obtain the result.

[

Remark 3.3 Based on the hypothesis of the previous Theorem, using Corollary 3.1

with Theorem 3.10 or Corollary 3.4 from [3], we have iRu C, = {1 € C: Re 2> 0} c p(A) and

1
= Jec,
lcar — )1 < { Re
=, AciR.

That is, the closed right half-plane is contained in the resolvent set of A.

3.2. RESOLVENT OPERATOR OF A

In Theorem 313 from [3] we proved that A is dissipative. That is,
Re < Av,v >;= —a ||[v||? < 0,vv € D(A).

So, we will prove that A dissipative implies (314).

Theorem 3.4 Lets€ R, a > 0and nis an odd number such that n-1 is not multiple

of four. Then the operator A:= —ady — al satisfies

I(AI — A)ulls = Re Allulls,Vu € D(A), VA€ C,. (314)

Proof.- Its proof is analogous to the demonstration of Theorem 3.1.

Remark 3.4 From Theorem 3.4 we have that AI-A is injective for all A€ C, .

Theorem 3.5 Letse€ R, a> 0 and n is an odd number such that n-1 is not multiple
of four. Then the operator A:= —08% — al satisfies Im(AI — A) = Hy,,. ,V 1€ C,.

Proof.- Its proof is similar to the demonstration of Theorem 3.2.

|

Theorem 3.6 Lets€e R, a>0and nis an odd number such that n-1 is not multiple

of four. Then (Al —A)™L: H} > D(A) is a bounded linear operator for each A€ C.and it
satisfies: AM>0,
|@ar -7t <vM,2€ C,.
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Proof.- Its proof is analogous to the demonstration of Theorem 3.3.
| |
Remark 3.5 Also from Theorems 34 and 35 we obtain

1 :
@1 -7, < Red Iflls,Vf € Hyer, VA € C.. Thatis, ||(AI — A7 < Fll VA€ C,.

Therefore, we obtain the following result.
Corollary 3.3 Based on the hypothesis of the previous Theorem, we obtain
C.,cp(A) and

1
|1 -1 < 7eq VAEC..

Proof.- From Remark 3.5 or Theorems 3.5 and 3.6 we obtain the result.

[

Corollary 3.4 Since R*c C, then R*c p(4) and |4l —A)7| < % ,WVA>0.

Proof.- From Corollary 3.3 we obtain the result.

[

Remark 3.6 Based on the hypothesis of the previous Theorem, using Corollary 3.3
with Theorem 3.22 or Corollary 3.8 from [3], we have iR U C, ={A2 € C: Re A = 0} c p(A)

and
1

— ecC
- Reld’ *
|- < 1

- AEIR.

a

That is, the closed right half-plane is contained in the resolvent set of A

Remark 3.7 Similar results are also obtained when n is an odd number such that

n-1 is multiple of four, in this case, note that (ik)"= ik",Vk € Z.

3.3. CASE a=0
Theorem 3.7 Let s € R and a=0 Then the operator A:= -3 —al = —a3 is dissipative
on Hy.. where D(A) = H33®. That s,
Re{< Au,u >} = 0,Vu € H3}3. (315)
Moreover, < Au,u >;=i§, Yu € H3}? where
+oo

R3 68 =2m Z (1 + Kk2) I3 a2

k=—o0

Proof.- Let ue H3%3,
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< Au,u > < -d3u,u >

(316)

+o0
i2m ) (1+K) KAl .

k=—o

6=
At this point, we will prove the convergence of the series (3.16). Indeed, using the

inequality: |k|® < |k|® = (|k|2)3 < (1+ |k|2)3 and ue Hy%?, we have

+o0
< Z (1+ k) kP lai) 2

k=—o0

+oo
>+ ) adP

k=—o0

“+o00

< Z (1+k2)°(1 + k12 |22

k=—o0

+o00
1
= Z (1+12) Fago = E”””?H <o

k=—o0

Then the series (3.16) is convergent, that is,
< Au,u >;=i8,with§ €R. (317)

Finally, from equality (3.17) we obtain Re{< Au,u > }=0, for all ue H;;rﬁ

[

Theorem 3.8 Let s € R, then the operator A:= —83 satisfies inequality (3.1).

Proof.- The proof is similar to the demonstration of Theorem 3.1 where the Theorem
3.7 is used.

[

Remark 3.8 From Theorem 3.8 we have that AI-A is injective for all A€ C,

Theorem3.9 Lets€R, thentheoperator A:= —d3 satisfies Im(Al — A) = Hy., ,Y A€ C,

Proof.- The proof is similar to the demonstration of Theorem 3.2.

[

Theorem 310 LetseRand a=0 Then (Al — A)™: H},, - D(A) js a bounded linear
operator for each A€ C, and it satisfies: 3B > 0 such that

[ -2~ <v8,2€cC..

Proof.- The proof is consequence of Theorems 3.8 and 3.9.
| |
Remark 3.9 Also from Theorems 38 and 39 we obtain

_ 1 :
@1 =7 |, < 25 IIflls,Vf € Hyer, VAEC.. That s,
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lar-a<—- viec.

Therefore, we obtain the following result.

Corollary 3.5 Based on the hypothesis of the previous Theorem, we get C.c p(4) and

AI-A)1 <-= viec,.
Re A

That is, the open right half-plane is contained in the resolvent set of A.
Proof.- From Remark 3.9 or Theorems 3.9 and 310 we obtain the result.
[

Corollary 3.6 Since R*c C, then R*c p(4) and ||(AI — A)7Y|| < % ,ZVA>0.
Proof.- From Corollary 3.5 we obtain the result.

Remark 3.10 /f a=0 then 0 ¢ p (A)

Remark 311 If a=0 then the S(®)}=0 semigroup is not exponentially stable
(See [1]).

Next, we will generalize the results obtained.

Theorem 3.11 Let s € R and a=0 and n is an odd number such that n -1 is not

multiple of four. Then the operator A:= —0} —al = -0y Is dissipative on Hp., where
D(A) = Hpd" . That is,

Re{< Au,u >} = 0,Vu € H3".
{ S} per (318)

Moreover, < Au,u >;= i8, Vu € H3}" where

+o0
R38:=2m ) (1+1) k(a0
k=—o

Proof.- The proof is similar to the demonstration of Theorem 3.8.

||

Theorem 3.12 Let s € Rand n is an odd number such that n-1is not multiple of four.
Then the operator A:= —0% satisfies inequality (3.14).

Proof.- The proof is similar to the demonstration of Theorem 3.1 where the Theorem
3.11is used.
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Remark 3.12 From Theorem 3.12 we have that AI-A s injective for all A € C.,.

Theorem 3.13 Let s € R and n is an odd number such that n-1is not multiple of four.
Then the operator A:= —0% satisfies Im(Al — A) = Hyer ,V A € C,.

Proof.- The proof is similar to the demonstration of Theorem 3.2.

]
Theorem 3.14 Let s € R, a=0 and n is an odd number such that n-1is not multiple

of four. Then (A —A)™L: H3,. = D(A) is a bounded linear operator for each A € C, and it

satisfies: 3.L>0 such that

ar-a1<ve,1ec,,

Proof.- The proof is consequence of Theorems 312 and 3.13.

Remark 3.13 Also from Theorems 312 and 313 we obtain

a1 = ), < S Uflls Vf € Hyer, Y AE€C.. Thatis,

AM-A)Y <, viec,.
Re 2

Therefore, we obtain the following result.
Corollary 3.9 Based on the hypothesis of the previous Theorem, we get C.c

p(A) and
- 1
|- <5 vaec. .

That is, the open right half-plane is contained in the resolvent set of A.
Proof.- From Remark 313 or Theorems 313 and 314 we obtain the result.
[

Corollary 310 Since R*c C.then R'c p(A) and ||(AI - A)7Y|| <3 ,v21>0.
Proof.- From Corollary 3.9 we obtain the result.

[

Remark 3.14 If a=0 then 0¢p(A).

Remark 3.15 If a=0 then the {T(8)}:=0 semigroup is not exponentially stable

(See [1]).
Remark 3.16 Analogous results are also obtained when n is an odd number such

that n -1 is multiple of four, in this case, note that (ik)"= ik™,Vk € Z.

Pesquisa e Docéncia em Ciéncias Exatas e Naturais Capitulo 1 “



3.4. COMMENTS

We have already the following statements, where A= -83—al is a linear
operator. Remember that items 1 and 2 were proved in [2] and item 3 in [3] for a>0. On

the other hand, items 1 and 2 were proved in [1] for a=0.

1. Aisclosed and D(A) = H},, ,where D(A)= H3&}
2. Ais the infinitesimal generator of a €, semigroup of contractions {S(t)}e=o.

3. R* < p(4) and for every 1>0
1
N1l <=
llar - 1) <

4. C,cp(A)andforeveryAeC,

1
—A)! [
-7 < 5=

Now, we will analyze its connection with Hille-Yosida’s Theorem 3.1 from [6]. By
Hille-Yosida's Theorem we have that item 2 implies items 1 and 3 and that the reciprocal
is fulfilled. We proved it without resorting to this Theorem. Note also that using item 4 we
get item 3.

Another commonly used result is the Corollary 3.6 from [6], which tells us that item
2 implies item 4. Note that we naturally proved it without resorting to this Corollary.

This analysis also applies to A4 =—08%—al when n is odd. Thus, we have
compared our results with two important results: Hille-Yosida's Theorem and its Corollary,
that motivated this study.

This study is limited to operators of type: A =-8% —al in Hj;. where n is
an odd number; analogous to this can be established for n multiple of four in which, for
example, an equality is obtained: Re < Av, v >,= —a ||v||2— ||6;‘/Zv||:s 0,vv € D(A), unlike
the odd case in which the equality Re < Av,v >;= —a ||[v||?2 < 0, Vv € D(A) is obtained.

Let us remember that in the case studied we do obtain the explicit form of the
solution, which is a great advantage; whereas Hille-Yosida's Theorem allow us to know
theoretically that exists a solution, without knowing the explicit form of the solution (as
in the applications in Liu-Zheng [5] or Pazy [6]). Hence the relevance of this important
Theorem.

Finally, to make the reading self-sufficient and quick, we will state aimportant result
that we frequently use to determine whether an operator is the infinitesimal generator of
a contraction semigroup and an important Corollary that expands the resolvent set and

provides a bound for the resolvent operator.
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Theorem 3.15 (Hille-Yosida) A (unbounded)linear operator B is the infinitesimal

generator of a C, semigroup of contractions {T(®)}e=0 if and only if

(i) B is closed and D(B) = X.
(ii) the resolvent set p(B) of B contains R* and for every A>0

1
—B)1 _
[ar-B)1| < 3

Proof.- We cite Theorem 31 from [6].

|

Corollary 3.1 Let B be the infinitesimal generator of a C, semigroup of contractions
{T()}:20. The resolvent set of A contains the open right half-plane, i.e. p(B) 2 {A € C: ReA>0}

and for such A.

-1
lar -5 < ooy

Proof.- We cite Corollary 3.6 from [6].

4. EQUIVALENCE BETWEEN C, OF CONTRACTION AND DISSIPATIVE OPERATOR

Theorem 41 Let Hper be a Hilbert space and the C, - semigroup
{S®}=0 from [2] such that A is its infinitesimal generator, then the following
equivalence holds: {S(®)}=0 is of contraction if and only if A is dissipative, that is,
Re < Av,v >;= —a|lv||? < 0,vv € H3}} = D(A)

Proof.- As {S(t)}:>0 is of contraction then
ISl <1, vt = 0. (41)

Then, let u € H3,, — {0},
(S(Wu —u,u)s = (S(u, u)s — (u, u)s = (S(hyu, u) — |lull (4.2)
Taking part real, we obtain

Re (S(hyu — ,u) = Re (S(hyu,u), — l[ullZ 43)

Using Re(z) < |Re(z) | < | z | Vz € C, Holder’s inequality and (4.1), we obtain

Re (S(Wu—u,u)s < | (S(Ww,u)s| — lullf < IS(Rullsllulls —llullf < llullf —llullf =0 (4.4)
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Therefore,

Re (S(h)u — u,u)s; < 0,Vu € H;,. (4.5)
In particular,
Re (S(h)v — v,v); < 0,Vv € HjiE = D(A). (4.6)
If veD (A) then
S(hyv —
Re (%,v)s <0,vh>0. (4.7)
As s(")" =272 Av when h—0*and ¢, ), is continuous then
Sthyv—v
(———)s = {4V, V)5 when h0". (4.8)
Therefore,
Re (s(h)” Y v)s - Re (Av,v); when h—0". (4.9)
Im (S(hi:’*"‘ v)s - Im (Av, v), when h—0". (410)

Using (4.9) in (4.7), we get
Re (Av,v) < 0.
Then
Re (Av,v) < 0,YVvED(A). (411)

Now, we want to know Re (Av,v)s explicitly; what is Re (Av,v)s ?

Let h>0, we know

+o0
S(h)yu—u 2 . -
CRETE 0, =20 N (14 k) O ) — ka0
k=—
+oo 3
{e(lk —u)h_l} R
= 2\s 2
- 2n ,Z_w(l + k) - lak)|
for w € Hzer .
In particular,
+oo 3
S(hyv — elik>—a)h_q
Fy v );: vy =21 Y (1 + K2y Yisape “12)

k=—c

for vE Hyt3 =D(A).

Pesquisa e Docéncia em Ciéncias Exatas e Naturais Capitulo 1




Using the Weierstrass M-Test we have that the series (4.12) converges uniformly

and consequently it is possible to exchange limits and obtain

+00 .13
. S(hv-v 3 s 1 {e("‘ —oh _ 1} g
fim (< ,v>s—2nkz (1 + K2 lim | =———— 0G0
+o0
-2 Z (1 + k2)S{ik® — a} |D(k) 2
k=—
+oo
=i2m ) (1+K) U - allvl 413)
k=—

As () is continuous and veD(A), from (4.13) we obtain

+o0
(Av,v), = i 27 Z (1 + k2)5K3 [p(K)|2 — al|v]12 (414)

k=—c

Taking the real part of (4.14), we get
Re (Av,v) =— allvll} (415)

and therefore Re (Av,v) < 0.
Thus, (4.15) is the answer to our question. Furthermore, it is observed that Theorem
31 from [3] also answers our question.

Reciprocally, as A is dissipative then
Re (Av,v); < 0,Vv € H3}3 = D(A). (4106)

Let 9 € D (4), we define u(t):=S(t)9, then u satisfies:

u, = Au
u(0) =9

And using (4.16)

140
20t

19

2 —
{2} = 55

{(u,u)s} = Re (u, u); = Re (Au,u); < 0
since u(t) € D(A). That is, %{llu(t)llﬁ} <0.Thus, llu()li? is non-increasing. Then [lu()]l,
is non-increasing.

So,
IS@)Ils = [lu@®)lls < lu(0)lls = 95, vt = 0.
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That is,

IS@Ils < I19ls,vI € D(A),Vt = 0. (417)

By density, we obtain
IS@®ells < ll@lls , Yo € Hyer, VE = 0. (418)

Finally, from (4.18) we get ||S(t)||<1,Vt=0.
"
Corollary 41 If {S(t)},, is of contraction then Re(Av,v);=-allv]}<0,

Vv € HjL} = D(A) Moreover, (Av,v), = i6 — allv|%, vv € H55? where

+oo
R36=2m Z (1 + k2)Sk3 |D(k)|?

k=—o

Theorem 4.2 Let Hper be a Hilbert space, a=0 and the C - semigroup {S(t)},,,
from [1] such that A is its infinitesimal generator, then the following equivalence holds:
IS(6)||=1,¥¢20 if and only if Re < Av,v >s=0,Vv € H53 = D(A).

Proof.- The proof is similar to demonstrate of Theorem 41

|

Next, we will generalize the results obtained.

Theorem 4.3 Let Hyer be a Hilbert space, n is an odd number such that n-1 is

not multiple of four and the C, - semigroup {T(t)},,, from [2] such that A is its infinitesimal

t20

generator, then the following equivalence holds: {T(t)}.. is of contraction if and only if A is

t20
dissipative, that is, Re < Av,v>s= —allv||? < 0,vv € Hi! = D(A).

Proof.- The proof is analogous to the demonstration of Theorem 41.

| |

Corollary 4.2 If {T(1)},., is of contraction then
Re (Av,v); = —allv|l3 <0, Vv € H}i' = D(A) .

Moreover, {Av,v); = i8 — allv||3, vv € H3E! where

+oo
R>6=2n Z (1 + K2k [9(k) 2.
k=—
Theorem 4.4 Let Hj.. be a Hilbert space, a=0 n is an odd number such that

n-1 is not multiple of four and the C- semigroup {T(t)},,from [1] such that A is its

t20
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infinitesimal generator, then the following equivalence holds: ||T(t)||=1,vt=0 if and only if
Re < Av,v >;=0,Vv € Hy{' = D(A).
Proof.- The proof is similar to demonstrate of Theorem 41
|
Remark 41 Similar results to Theorem 4.3, Corollary 4.2 and Theorem 4.4 are
obtained when n is an odd number such that n-1 is multiple of four, where

+o0
R>68=-2m Z (1 + K25k [9(k)|2.

k=—c

5. CONCLUSIONS

Using properties of periodic Sobolev spaces, we proved that the closed right half-
plane is contained in the resolvent set of odd-order differential operator A with a>0, and
that the norm of the resolvent operator of A on A with positive real part is bounded by the
inverse of thereal part of A, which connects us to the Hille-Yosida’s Theorem. Also, we proved
that the open right half-plane is contained in the resolvent set of odd-order differential
operator A when a=0. Likewise, it was observed that if one dissipation is eliminated (a =
0), then the semigroup is not exponentially stable. Thus, we have compared our results
with two important results: Hille-Yosida's Theorem and its Corollary, that motivated this
study. Furthermore, we explored the connection between being a contraction semigroup
and the dissipativeness of its infinitesimal generator for a=0. Finally, we generalized the

results obtained.
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