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PRÓLOGO

O volume III de  Estudos em Ciências Exatas e da Terra: Desafios, Avanços 

e Possibilidades  reúne um conjunto plural de pesquisas que refletem a vitalidade, a 

complexidade e o caráter interdisciplinar das ciências contemporâneas. Os dez capítulos 

aqui apresentados, provenientes de diversos países e contextos institucionais, oferecem 

um panorama abrangente dos desafios científicos atuais e das soluções inovadoras 

que emergem do diálogo entre matemática, física, química, engenharia, geociências, 

sustentabilidade ambiental e desenvolvimento territorial, reafirmando a amplitude teórica 

e aplicada dessas áreas. 

Para favorecer a leitura e destacar as afinidades conceituais entre os temas, a 

obra foi organizada em três eixos temáticos que evidenciam os diferentes modos pelos 

quais o conhecimento científico se articula com problemas reais e necessidades sociais 

urgentes, propondo uma aproximação integradora e contemporânea das Ciências 

Exatas e da Terra.

1. Modelagem Matemática, Simulação, Processos Físicos e Engenharia 

Aplicada

O primeiro eixo reúne estudos orientados pela lógica da modelagem, da 

caracterização de materiais e da investigação de sistemas físico-químicos complexos. 

Aqui, a matemática desempenha um papel central, seja na descrição do crescimento 

populacional, na interpretação de curvas de relações molares ou na análise 

termoestrutural de concretos refratários usados na indústria siderúrgica. A ênfase 

comum está na busca por métodos rigorosos de análise, na construção de modelos 

interpretativos e na compreensão dos comportamentos materiais sob diferentes 

condições. Esses capítulos mostram como a formulação matemática e a experimentação 

se complementam, de forma decisiva, na explicação de fenômenos fundamentais para a 

ciência e a engenharia, evidenciando a potência dos métodos quantitativos na resolução 

de problemas complexos.

2. Sustentabilidade, Meio Ambiente, Tecnologias de Remediação e Ecodesign

O segundo eixo destaca pesquisas alinhadas aos desafios ambientais 

contemporâneos, trazendo propostas inovadoras para o desenvolvimento de tecnologias 

limpas, novos materiais sustentáveis e soluções de remediação ecológica. Os capítulos 

abordam desde práticas de ecodesign em produtos plásticos, passando pela criação de 

adsorventes de origem agroindustrial, até aplicações de biomassa vegetal para remoção 

de contaminantes e estratégias que ampliam o desempenho energético de sistemas 

fotovoltaicos, articulando ciência de materiais e preocupações ambientais. O núcleo 



unificador deste eixo é o compromisso com a sustentabilidade, com a valorização de 

resíduos, com a mitigação de impactos ambientais e com a promoção de alternativas 

tecnológicas responsáveis e acessíveis que dialogam diretamente com demandas 

sociais emergentes.

3. Território, Geociências e Desenvolvimento Agrário-Industrial

O terceiro eixo aborda temas relacionados à organização do espaço, à história 

das indústrias de base e às dinâmicas socioeconômicas ligadas ao uso da terra. 

Os capítulos discutem a trajetória de figuras marcantes das geociências, analisam 

políticas e práticas de consolidação fundiária em escala nacional e refletem sobre as 

transformações industriais que moldam setores-chave como o agrícola e o petrolífero. Ao 

articular perspectivas históricas, econômicas e territoriais, este eixo evidencia como as 

ciências exatas e da terra também se expressam na compreensão dos processos sociais 

e produtivos que estruturam países e regiões, demonstrando que a pesquisa científica 

contribui igualmente para interpretações críticas sobre o desenvolvimento nacional.

A estrutura temática proposta pretende, portanto, facilitar a leitura e realçar 

o alcance multidisciplinar das pesquisas reunidas. Cada eixo demonstra, a seu 

modo, como o rigor científico pode contribuir para o entendimento de problemas 

concretos e para o desenvolvimento de soluções inovadoras, sejam elas de caráter 

teórico, tecnológico ou socioambiental, reforçando o papel estratégico da ciência na 

construção de futuros possíveis.

Esperamos que esta obra inspire pesquisadores, estudantes e profissionais 

a aprofundar o diálogo entre diferentes áreas do conhecimento e a reconhecer, na 

diversidade temática aqui apresentada, novas possibilidades de investigação e ação.

Desejo a todos uma excelente leitura!

Alireza Mohebi Ashtiani
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ABSTRACT: Without a doubt, the study 
in mathematical modeling is current, it is 
of vital importance in ecological studies, 
naturally some arise in population dynamics, 
highlighting the role of mathematical analysis 
that allows optimizing decision making in a 
certain behavior. The main objective is the 
study of the logistic model, to give way to 
the classic model of the Lotka -Volterra type 
without diffusion. At the end, an analysis of 
the model case with diffusion is made, and 
much attention is paid to linear and nonlinear 
models. Algorithmic results make sense to 
explain natural phenomena, growth that can 
be: a cell, an organ, a human being, a plant 
or a population, better if it is a fundamental 
problem of biology.
KEYWORDS: population dynamics; model 
without dissemination; diffusion model.

1. INTRODUCTION

Mathematics is useful in the study 

of certain phenomena that exhibit important 

characteristics. Linear and nonlinear models 

exist, and their study is currently relevant 

in the scientific community. To describe 

nonlinear models, one must understand how 

linear models operate and function; since they 

are not exact, approximations are made for 

the most part. In general, for unpredictable 

results, theories are not definitive, which 

allows for the refinement of theories and 

sustained work on the experimental aspect. 

The fact is that nonlinear models explain a 

greater number of phenomena.

A concern about the subject is evident 

in the work of the Belgian demographer 

Verhulst (1845), using data on the North 

American population from 1870 to 1840 to 

predict its population up to the year 1930; 

his hypothesis was that it would continue to 

satisfy the logistic equation.

Another important theoretical 

reference is found in the study by marine 

https://orcid.org/0000-0001-6260-2419
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biologist Umberto D’Ancona, (Israel, et al., 2002; Margalef, 1998), in relation to the 

variations of fish populations, their growth was associated with competition for food.

A fundamental problem in biology is growth: cell, organ, plant, human, population. 

For this essential case, we have the differential equation.

                                               (1)

the general solution of (1) is

                                                                   (2)

where it behaves as a positive constant (Malthus, 1998). It can be deduced that growth 

occurs if k > 0 , while decay occurs for k > 0. A flaw observed in equation (1) and the 

associated solution (2) is that when k > 0, then it turns out that x→∞ when t→∞, as time 

passes, growth is unlimited, which is in conflict with reality, especially if we consider 

that after a certain time a cell stops growing, just like a human being, having reached a 

maximum size.

The function P(t) follows an unbounded exponential growth pattern. In most 

cases, this differential equation provides an unrealistic model of population growth, thus 

generating controversy between what is predicted and what is observed.

To make changes, one can cite the Belgian mathematician and biologist P.F. 

Verhulst, who around 1840 was interested in mathematical formulations to predict the 

populations of several countries; this equation is

                                               (3)

where the initial condition is P(0) = P0, that is, an initial population P0 at an initial time t=0, 

and where k and are b positive constants. Later, equation (3) became known as the logistic 

equation, whose solution is called the logistic function, and therefore its graph is also a 

logistic curve. It turns out that when the population is very large, equation (3) does not 

provide a very accurate result regarding population growth.

An exhaustive analysis of this equation, for k > 0, where k represents a constant 

average birth rate, when the average death rate is assumed, at any given instant, to be 

proportional to the population P(t), then, if  is the growth rate per individual in a 

population (Boyce and DiPrima, 2005), we have
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(4)

In this case b, a positive constant of proportionality is considered, where multiplying 

(4) by P(t) yields equation (3), (Gutiérrez, 2019). On the other hand, if equation (4) is 

written as , the term -bP2 (t) with b > 0 is interpreted as an inhibition or 

competition term. How is it k with respect to b? The question remains open.

2. ESTIMATION EQUATION

First, we want to show that the solution of (4) is bounded when t→∞. The 

equation is nonlinear, but separable , P(0) = P0, it is solvable see (Gutiérrez, 

2019; Scudo, 1971)

                                         (5)

in equation (5), given that time can elapse without limit, when t→∞, being k > 0, we obtain 

, from which

                                                             (6)

Result (6) confirms that a growth limit occurs P(t), as biological facts dictate, and 

further underscores the validity of this mathematical model. To analyze result (5), it would 

be useful to assign two times to P(t), let these times be t = 1 and t = 2, with some unit of 

time, resulting in the populations P1 and P2 respectively. Using equation, we obtain, for t = 1

                    (a)

of (a)

          (b)

Similarly, when t = 2, one has

               (c)
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of (c),

       (d)

Clearly the idea is to obtain  and that depend on P0, P2 and P2, we proceed from 

(b) and (c) to divide each member respectively.  Thus, it turns out

                                        (7)

Substituting equation (7) into result (b), we get

                               (8)

Thus, the maximum population is a limit value of P(t), and depends on P0, P1 and P2, 

that is .

3. MODEL WITHOUT DISSEMINATION

A model is established that is based on the following assumptions:

(a)	 A fish population is divided into two mutually exclusive classes: on one side, 

the predators (selachians) and on the other, the prey, with u(t) y being v(t) the 

number of fish of each class at time t.

(b)	 During the growth of each of the classes, only the number of their respective 

individuals and the number of contacts per unit of time between the two 

species are involved.

The objective is to determine the growth of predators, which is affected 

proportionally and negatively by their number (due to food scarcity) and proportionally 

and positively by the number of prey. Conversely, prey growth is affected proportionally 

and positively by their number (reproductive effect) and proportionally and negatively 

by the number of contacts. Considering the absence of fishing intensity and based on 

the interpretation of the derivative (Edwards and Penney, 2009), Vito Volterra proposed 

the model

                            (9)
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In equation (9), indicates time, while m, n, p and are positive constants that explain 

the indicated proportionalities; that is, these constants affect the growth of the species 

positively or negatively. It turns out that this same model was proposed by Lotka for 

some problems involving concentrations and chemical reactions (Lotka, 1925). Therefore, 

system (9) is also called the Lotka -Volterra model.

3.1. MODEL ANALYSIS

Equation (19) is a system of first-order ordinary differential equations. According 

to the provided data, it presents different types of solutions where the initial condition is 

fundamental. (u(0),v(0))=(u0,v0) A biological interpretation of this system is facilitated, with 

primary interest being the solutions that u(t), v(t) are both positive, regardless of the initial 

condition t ≥ 0. With these limitations, the following solutions are distinguished:

(i)	 Equilibrium solutions. Those that change over time. We have when u0=0,v0=0, 

then u(t)=0,v(t)=0, that is, is the zero solution. For the case where , 

, the solution is also constant.

(ii)	 Semi-trivial solutions. This is when the species has no individuals. In this case, 

one could have, 

Yes u0=u0, v0=0 with u0 > 0 this system it turns out  (s)

In this case (s) is a separable equation whose solution is written as u(t)=cemt, if 

u0=u0, then c=u0, therefore u(t)=u0 emt. For v(t)=c1 with v0=0 results c1=0, therefore 

v(t)=0. Therefore, the only solution is (u(t),v(t))=(u0 emt,0). If (u0,v0 )=(0,v0) with 

v0=0, produces the system , . Therefore, the solution is 

(u(t),v(t))=(0,v0 e -pt) .

(iii)	 State of non-trivial coexistence. This occurs when both components are non-

trivial and positive. In this case, in system (12), if the initial condition satisfies 

u0 > 0, v0 > 0, then the unique resulting solution (u(t),v(t)) satisfies u(t) > 0, v(t)>0, 

∀ t>0, and the set of points of the form {(u(t),v(t))/t ≥ 0}

It is a closed curve in R2, this implies that the solution is periodic.

Specifically, if (u(t),v(t)) it is a coexistence state for (9), then by applying the 

inverse function theorem, it follows  that, being an equation of separable 

variables, the solution is given by by ln (|v|m |u|n )=nv+qu+c, which exponentiating and 

making it c1=ec results,
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vm up = c1 env equ                                                               (10)

for some constant c1. It is shown that the curve of equation (13) is closed at R2 (Lee, 1967).

Lemma 1. For u > 0, v > 0 the equation given in (13) describes a closed curve.

Proof . Given u > 0, v > 0, let us consider the functions , ,

The behavior of these functions is determined. It is observed that g(0)=0, g(∞)=0 

since it is positive, it is v > 0 observed that the function has a critical point and reaches 

a maximum value at. g(v) Differentiating the function ,  by doing

,  we obtain that , so g(v) it has a critical point and reaches a 

maximum value at .

It can be seen that the graph is a curve with an extreme maximum and asymptotic 

to the X-axis, as shown in Figure 1.

Figure 1. Graph of g(v)=vn e-nv .

For the function f (u), we proceed similarly. We observe that f(0)=0, f(∞)=0, 

since it is u > 0 and equ > 0 we have that it f (u) is positive. Differentiating the function f, 

, by doing , we obtain that , so f (u) it has a critical point

and reaches a maximum value at , the graph is a curve with an extremum 

a maximum and asymptotic with the horizontal axis, as shown in figure 2.
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Figure 2. Graph of f (u)=up equ.

Therefore, according to the previous analysis, it is concluded that equation (9) 

does not admit solutions u > 0, v > 0 for some constant c1> Mu Mv , and for c1= Mu Mv has the 

solution . . Then, it would only be necessary to consider the case when c1=δMv, 

where δ is a positive number and δ< Mu. It can be observed that the equation  

admits one solution  and another solution . Therefore, the equation

, has no solution and if u is less than ur, or greater than uR. If u 

=ur or u =uR results only in the solution , while for each u between ur and uR has two 

solutions v1 (u) and v2 (u). In this case, the lesser solution v1 (u) is always less than  and 

the greater solution v2 (u) is always greater than . When tends to ur o a uR, then both v1 

(u) tend v2 (u) to , (Blat, 1984; Logan, 1987).

Therefore, the curves defined by (10) are closed for u and v positive, and take the 

form as shown in Figure 3.

Figure 3. Orbit of (12) for u, v positives.
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Lemma 2. Let be (u(t), v (t)) any coexistence state of (9), with period T > 0, then its 

average values are , , that is .

Proof. This lemma specifies that the average values of u(t) y v(t) are the equilibrium 

values. From equation (12), we have 

and      (d) 

so that, in (d) integrating both sides , We have

, but since u(T)=u(0), it turns out 

, that is, . Therefore, . Similarly, from equation (9), 

we have  and     (m) so that in (m) integrating 

into both sides  

We have , but since v(T)=v(0), it turns 

out , that is, . Therefore, .

The analysis shows that even when it is not possible to obtain it (u(t),v(t)) explicitly, 

it is possible to calculate it , resulting in the fact that, regardless of the chosen 

coexistence state, it is always the case .

4. CONCLUSIONS

We can observe that model (9) does not account for how fishing intensity might 

affect the growth of a species. To address this, the following hypothesis is proposed: “the 

fishing intensity of a species u is directly proportional to the total population over time t 

and negatively impacts its growth.” This occurs similarly for the species v. Therefore, the 

new, corrected model is written

                                  (11)

where ε > 0 indicates the fishing intensity. The system given in (11) is the same as system (9), 

provided that m< ε, that is,  and ; however, it 

must be specified that fishing reduces the population of edible fish at a rate εu(t), in the 
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same way as the sharks, at a rate εv(t). It can be deduced that the constant ε indicates 

the fishing intensity. Therefore, the average values of the corresponding solutions are 

.

Finally, the decrease in the intensity of fishing; that is, decreasing it ε, causes a 

decrease in prey u and an increase in predators v; this result corresponds to the Volterra 

principle (Volterra, 1931).
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