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INTRODUCAO

A coletanea Estudos em Ciéncias Exatas e da Terra: Desafios, Avangos e
Possibilidades Il reiine contribuicdes significativas nas areas de geociéncias, engenharia e
fisica, com um foco particular na analise e solugao de problemas complexos em diferentes
contextos e regides do mundo. Os artigos apresentados neste volume abordam desde
questdes geoldgicas e ambientais até modelos matematicos avancados aplicados a
problemas praticos, evidenciando a diversidade e a riqueza dos desafios contemporaneos
enfrentados por pesquisadores nas Ciéncias Exatas e da Terra.

O primeiro artigo, Feicées Erosivas em Vargem Alta (Espirito Santo, Brasil),
trata das dinamicas de erosdo no municipio de Vargem Alta, com um olhar atento aos
processos naturais € suas consequéncias para o meio ambiente local. Em seguida,
Anélise de Estabilidade de Talude no Municipio de Vargem Alta (ES) oferece uma analise
detalhada sobre a estabilidade de taludes e suas implicagdes para a seguranga das areas
urbanas e rurais afetadas.

No artigo Contribuicdo para o Zoneamento de Risco de Inundagdes Urbanas
no Municipio de Lichinga, Provincia de Niassa, Mocambique, o foco se desloca para a
aplicagcao de metodologias para o zoneamento de risco de inundagdes, um tema de
grande importancia para o planejamento urbano e a seguranca das populagdes em
regioes vulneraveis.

No trabalho Paleocanais na Plataforma Continental Interna do Rio Grande:
Evidéncias de Variagbes Eustaticas Durante o Quaternario, os autores investigam as
evidéncias geologicas de mudancgas eustaticas, proporcionando uma compreensao mais
profunda dos eventos climaticos e ambientais que marcaram a histéria do planeta.

No campo da geografia e da agricultura, Consolidacéao de Terras Agricolas (Estudo
de Caso Russo) apresenta um estudo de caso sobre a reorganizacao da agricultura em
uma regido da Russia, discutindo a viabilidade de praticas de consolidacao de terras para
otimizar o uso da terra e aumentar a producao agricola.

Seguindo para a fisica aplicada, o artigo 1D Space-Time Solution of the Species
Diffusion Equation with Double Entry Boundary in Spherical Foods explora solugoes
matematicas para a equacgao de difusdo de espécies, com aplicagdo no setor alimenticio,
focando na modelagem de processos dentro de esferas alimenticias.

Em seguida, Modelo Matematico de Difraccion en Region de Fresnel Convergente
y Divergente de una Lente Esférica apresenta um modelo matematico inovador para a
difracdo daluz emlentes esféricas, contribuindo para o campo da éptica e suas aplicagdes.

Por fim, Caracterizacion de los Efectos de una Fulguracion Solar discute os impactos
de eventos solares extremos, com foco nas implicacdes para a fisica espacial e para a

protecao de tecnologias modernas sensiveis, como satélites e sistemas de comunicacgéao.



Como é possivel observar, este volume é uma contribuicéo valiosa para o avanco
das Ciéncias Exatas e da Terra, apresentando uma ampla gama de pesquisas que tém
o potencial de influenciar praticas em diversas areas, desde a mitigacdo de riscos
ambientais até o desenvolvimento de novas tecnologias e abordagens inovadoras em
varias disciplinas. A variedade de temas e abordagens evidenciam a complexidade dos
desafios que os pesquisadores enfrentam atualmente e reforcam a importancia da
colaboracéo interdisciplinar para o progresso cientifico.

Desejo a todos uma proveitosa leitura!

Alireza Mohebi Ashtiani
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aiming to quantify the transport and mechanism by which artificial and natural dyes,
such as erythrosine and gardenia red, respectively, diffuse. We used pitted, calibrated,
and desulfited cherries (Prunus avium). This work showcases the variation of species
concentration concerning the radial position and time while considering third (Robin)
and first-type (Dirichlet) boundary conditions, accounting for the cherry’s morphology.
This development’s novelty lies in applying boundary conditions at the flesh-skin-osmotic
solution interface, suggesting a double diffusion boundary of substances and introducing
a method to calculate effective diffusivities. The methodology employed assumes, as a
first approximation, a homogeneous and isotropic flesh with a unidirectional diffusion
process, displaying zenithal and azimuthal flow symmetry. Dirichlet conditions were
utilised to model a sphere with a hollow spherical centre. Moreover, we discussed the
potential inclusion of convective conditions for future work during tests at low stirring
speeds (<100 rpm) of the sweetener solution. As a result, a method is introduced to
calculate effective diffusivities and concentration profiles in foods with hollow spherical
geometry, assuming purely diffusive transport and no external resistance to mass transfer.
The proposed condition (Dirichlet) is particularly suitable at high stirring frequencies (220
rpm), with the effective diffusivity being the sole variable to be determined. This study
enables a deeper understanding of the transport of chemical species in hollow spherical
foods, offering insights into the transport process and laying the groundwork for future
research on phenomena with external convective resistance.

KEYWORDS: Mathematical model. Mass diffusion. Boundary conditions. Hollow spherical
foods. Effective diffusivity.

SOLUCION ESPACIO-TEMPORAL 1D DE LA ECUACION DE DIFUSION DE ESPECIES
CON DOBLE FRONTERA DE INGRESO EN ALIMENTOS ESFERICOS

RESUMEN: En el presente trabajo presentamos el desarrollo de un modelo matematico
para determinar la solucién de la ecuacion de difusion de especies quimicas en
coordenadas esféricas 1D, centrandonos en las condiciones de contorno propuestas
para experimentos realizados y cuantificar el transporte y mecanismo en que difunden
colorantes artificiales y naturales, como eritrosina y rojo gardenia respectivamente.
Los ensayos se realizaron con cerezas (Prunus avium) descarozadas, calibradas vy
desulfitadas. Mostramos la variacion de la concentracion de especies en funcion de la
posicion radial y el tiempo, considerando condiciones de frontera de tercer tipo (Robin)
y primer tipo (Dirichlet) teniendo en cuenta la morfologia de la cereza. La innovacion en
el desarrollo radica en la aplicacion de condiciones de contorno en la interfaz pulpa-
piel-solucién osmética, planteando una doble frontera de ingreso de substancias
y la introduccién de un método para calcular difusividades efectivas. La metodologia
empleada supone, como primera aproximacion, que la pulpa es homogénea e isétropa,
con un proceso de difusion unidireccional, que exhibe simetria de flujo cenital y azimutal.
Las condiciones de Dirichlet se utilizaron para modelar una esfera con centro esférico
hueco. Ademas, discutimos la posibilidad de incluir condiciones convectivas para
futuros trabajos para ensayos realizados a bajas velocidades de agitacion (<100rpm)
de la solucion edulcorante. Como resultados, se introduce un método para calcular
difusividades efectivas y perfiles de concentracion en alimentos con geometria
esférica hueca, asumiendo transporte puramente difusivo y sin resistencia externa
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a la transferencia de masa. La condicion propuesta (Dirichlet) resulta ser adecuada
particularmente a altas frecuencias de agitacion (220 rpm), siendo la difusividad efectiva
la Unica variable a determinar. Este trabajo contribuye a la comprension del transporte
de especies quimicas en alimentos esféricos huecos, ofreciendo conocimientos sobre
el proceso de transporte y preparando el escenario para futuras investigaciones sobre
fendmenos con resistencia convectiva externa.

PALABRAS CLAVE: Modelo matematico. Difusion de masa. Condiciones de contorno.
Alimentos esféricos huecos. Difusividad efectiva.

1INTRODUCTION

Mass diffusive phenomenon, the ubiquitous process driving molecules from
high to low concentration, underpins a vast array of food processing and preservation
techniques. Understanding its intricate movement within complex food matrices is
paramount for optimising process efficiency, ensuring product quality, and extending
shelf-life (Junqueira et al.,, 2021; Khubber et al., 2020; Mugi & Chandramohan, 2021).
Mathematical modelling provides a powerful lens through which we can move beyond
empirical observations and delve into the quantitative realm of mass transfer phenomena,
deciphering the mechanisms governing diffusion in food (M. B. Maldonado et al., 2008;
Pereira et al., 2023).

This chapter explores the interplay between diffusion and food engineering,
focusing on how a mathematical model, often rooted in Fick’s laws, can predict and
analyse the movement of substances within food systems. These models provide a
theoretical framework for quantifying the rate of mass transfer, enabling us to anticipate
and control the impact of processing conditions on the final product (Gonzéalez Pacheco
& Maldonado, 2024).

Over the years, a rich tapestry of mathematical models has been woven to
capture the nuances of diffusion phenomena. From the elegant simplicity of Fick’s laws
(Gonzalez-Pérez et al., 2022; Kian-Pour, 2023; Knee, 2019; Sayago, 2021), which describes
diffusion as a gradient-driven process, to more sophisticated approaches that account
for heterogeneity, concentration-dependent diffusion, and multicomponent interactions
(Bordin et al., 2019; Jamali et al., 2020), these models provide a theoretical framework for
understanding how molecules disperse in space and time.

Central to this framework is the concept of effective diffusivity, a measure of how
readily molecules navigate the tortuous pathways within a given food matrix. Accurately
determining this parameter is crucial for predicting the spatial and temporal distribution of
solutes (R. C. da Silva et al., 2022; de Lima Ferreira et al., 2024), water activity, and essential

for various food processing and preservation operations, including drying (Macedo et
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al., 2022), osmotic dehydration (Meena et al., 2022; Sulistyawati et al., 2020), extraction
(Janowicz et al., 2021), packaging (Oladzadabbasabadi et al., 2022), and other key factors
influencing food quality and stability (Bae et al., 2020; Pandiselvam et al., 2021). This
chapter explores analytical and numerical approaches for determining effective diffusivity
(Pinheiro & Castro, 2023; Salehi et al., 2022, 2023), highlighting the strengths and
limitations of each method in relation to specific food systems and processing conditions.

The applications of diffusion modelling in food engineering are wide-ranging
and significant, encompassing activities such as optimising osmotic dehydration to
enhance water removal while maintaining food quality (Brito et al., 2023; Calin-Sanchez
et al,, 2020; Junqueira et al., 2021), predicting pigment migration for visually appealing
products (Gonzalez Pacheco & Maldonado, 2024; M. Maldonado & Gonzalez Pacheco,
2022), maximising extraction yields of valuable compounds (Zecchi & Gerla, 2020), and
developing effective preservation strategies through an understanding of preservative
and spoilage agent transport. Through the utilisation of a quantitative approach, we
endeavour to analyse the complexities of diffusion with the objective of establishing an
understanding of the governing principles of mass transfer in 1D food systems. This serves
as a preliminary stage prior to the advancement to 2D and 3D models. This endeavour
ultimately aims to facilitate control, and innovation in the production of safer, higher-

quality, and more sustainable food products.
2 MATERIALS AND METHODS

21 MATERIALS

A 10-kilogram batch of Prunus avium cultivar Bing was acquired from Lujan
de Cuyo, Mayor Drummond, Mendoza, Argentina (coordinates in decimal degrees:
-33.00443364309908; -68.86583423899584). The materials used in the study included
Lactitol powder (DuPont Corporation, Wilmington, Delaware, USA), Maltitol powder
(Shandong Lujian Biological Technology Co. Ltd, China), Xylitol powder (Shandong Lujian
Biological Technology Co. Ltd, China), as well as Erythrosine powder dye (Macsen Labs,
N.K Agrawal Group, India) and Red Gardenia powder dye (Omya Inc., Cincinnati, Ohio, USA).

2.2 METHODS
2.2.1 Processing and Impregnation

The cherries were carefully prepared by calibrating them to a size of 27 mm,

pitting, and desulphiting them (sulphur anhydride at 1500 ppm) through immersion in
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tap water baths at room temperature for 24 hours, with water renewal every 4 hours.
The candying process was initiated using a multiple impregnation method, commonly
referred to as the “French or Slow Method”. The sweetener solution with a concentration
of 25 Bx was first impregnated, followed by a second impregnation with a 35 Bx syrup
to avoid plasmolysis and wrinkles in the fruit (Gonzalez Pacheco & Maldonado, 2024;
M. Maldonado & Gonzalez Pacheco, 2020, 2022). Erythrosine and red gardenia were
added at varying concentrations (119, 238 and 357 ppm) to stain the fruits and observe
their influence. The solution was maintained at a steady temperature (40, 50 and 60°C)
and subjected to constant agitation to ensure homogeneity (220 rpm). The pH of the
sweetening solution was regulated to maintain a specific range for desired outcomes.
To maintain the pH of the sweetening solution within the desired range, an approach
involving the addition of either 0.9 mL of 10% (w/V) citric acid or 0.3 mL of 10% (w/V)
NaHCO3 was executed (APHA, 2017). This procedure is instrumental in ensuring the
pH remains between 4.2 and 4.8, leading to a controlled precipitation of the pigment
within the cellular structure of the cherry. Consequently, this process enhances the fruit’s

vibrant and aesthetically pleasing colouration (Azwanida et al., 2015).

2.2.2 Sampling Process

Cherry samples were randomly selected from multiple container zones for
analysis. Cross-sections of the samples were acquired, and the luminosity (L), redness or
greenness (a*), and blueness or yellowness (b*) (referred to in combination as CIELAB)
were measured using a Minolta CR-400 colourimeter with illuminant D65 (natural light).
These measurements were taken from specific points (2.63 mm, 5.26 mm, and 10.53 mm

on average) from the centre of the cherry to assess colour properties.

2.3 MATHEMATICAL MODELLING

The experimental data underwent mathematical analysis during the colouration,
impregnation process, or osmotic dehydration of fruits in sweetened solutions. This
process involved fitting the data to a differential equation that governs the intricate
molecular diffusion through the solid, porous hollow sphere constituting the cherry

matrix.
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2.31 Theory

2.3.11 Molecular diffusion through a porous solid matrix with spatially constant effective
diffusivities subjected to variable boundary conditions. Modelled by double diffusion

boundaries in a hollow sphere with constant initial conditions

The Bing variety fruit, illustrated in Figure 1, is medium-sized and heart-shaped.
While it demonstrates good on-tree resilience, it is susceptible to cracking. This variety
belongs to the Picota type, allowing for stemless harvesting and a central pit. This
characteristic facilitates the assumption of an approximately spherical model for the

diffusion model resolution, with the pit creating a hollow space at the centre.

Figure 1. Bing variety cherries.
i e A

Concerning mathematical modelling for species transfer, we have employed
the Reynolds Transport Theorem (RTT) equation. Assuming a constant total molar
concentration for the mixture and independent diffusion coefficients with respect to
spatial coordinates, we can simplify and express the equation (1) in its tensor form (Bird
et al., 2006):

% + (0*.VC) = D;jVC; + R; — % (Ri +R)) 1)
The molar concentration of species in the mixture is denoted as C,, while D,
represents the effective diffusivity for a binary system. The local average molar velocity
of the mixture is represented by v*and the species unit volume production rate due to
chemical reactions is denoted by R, or R. The variable t represents time.
Hence, the one-dimensional, non-dimensional diffusion equation with constant
effective diffusivities in the flesh (D.) and skin (D), considering only the molecular

diffusion of dyes as a transport mechanism within the fruit and without accounting for
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the generation of substances through chemical reactions, can be expressed as a partial
differential equation, denoted as equation (2) (Carslaw & Jaeger, 1959; Crank, 1979; Hahn
& Ozisik, 2012):
oc _29c o%¢ @
00 ROR ' OR2

Where

Dt T Cop—C
0=—L R=—;c=-2_=
To Ci—C

Consider that theta, 0, is a non-dimensional time, R is a non-dimensional radius,
C represents a non-dimensional concentration, C(r) denotes the dye concentration within
the cherry flesh as time progresses, C, represents the dye concentration in the cherry skin
in contact with the sweetening solution (Zuritz & Maldonado, 2004), and C, denotes the
dye concentration within the cherry flesh at the beginning of the experiment (Figure 2).
Figure 2. Representation of the staining trials conducted with erythrosine and red gardenia at 119, 238, and 357 ppm

and at 40, 50, and 60°C. Visualisation of the experimental conditions to provide a rationale for the boundary conditions
defined in the mathematical framework. Created in BioRender. Gonzalez Pacheco, J. (2024) BioRender.com/t24d848.

Compact Pt100
temperature probe

Hypertonic dye solution of
red gardenia or erythrosine
at 119, 238 and 357 ppm

Ci: Initial cherry flesh
dye concentration

Cs: Cherry skin dye
concentration in
contact with
sweetening solution

Primary dye input

Large mass transfer Biot
number at 220 rpm stirring
frequency

Stirring controller
setto 220 rpm

Temperature controller
set to 40, 50 and 60°C

The physical properties of cherry flesh were initially approximated as
homogeneous and isotropic, assuming a unidirectional radial diffusion process. The
high agitation of the sweetening solution surrounding the inner and outer surfaces (220

rpm) led to the assumption that the concentration in these areas immediately equates
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to the concentration of the liquid (large mass Biot number). Additionally, the thickness of
the epidermis was considered much smaller than the radii of the inner and outer faces,
allowing the difference in surface areas to be ignored and the thickness to be assumed
as rr,. Moreover, it was deemed appropriate to assume that solute accumulation in
the skin, represented by r-r,, and consequently the resistance to species transfer, is
negligible compared to the flux through the porous surface and the flux itself, which is
given by the cherry skin with a thickness of 0.0004 m (Fig. 3).

Furthermore, we postulated that a double diffusion boundary exists at the flesh-
skin interface of the fruit, attributed to the primary entry of colourant from the pitted area
and an additional incoming flow through the porous matrix skin, which allows the entry of
both soluble solids and colourant. This dual penetration phenomenon (Figure 3) will be
mathematically modelled by implementing B.C.2, equation (6), a mixed boundary condition.
Figure 3. Visualisation of the primary movement patterns during the colouring, along with the dye penetration at

the double diffusion boundary located at the junction between the flesh and the fruit’s skin. Created in BioRender.
Gonzalez Pacheco, J. (2024) BioRender.com/t24d848.

Internal
canaliculi

Epidermis
(exocarp)

Pitted cherry Dye double
. diffusion

boundary

Hypertonic
sucrose-xylitol
solution

Primary dye input

Flesh
(mesocarp)

2.3.2 CALCULATION

An alternative form of equation (2) was derived by utilising a fitting process for the
redness parameter a*, employing the least squares method with a linear approach. The
objective of this process was to establish a relationship between the concentration of
erythrosine or red gardenia dye, as described in equation (3), and the experimental data.
This facilitated the derivation of a refined version of equation (2). This correlation provides
an alternative method for presenting the transport of 1D species and their properties in

general by introducing the redness parameter, a*.
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da* 20da* 0%a*

36 “ROR T oRT )
Subjected by the following dimensionless initial and boundary conditions:
a;* —as*
1.C.: At® =0 at=—-—"=1 at A<R<1(4)
a;” —as
at —ag*
B.C.1: At® >0 at=—"-"=0 at R = A(5)
a;” —as
aa* DS To N
B.C.2:At® >0 6R+D_F(rs—r0>a =0 at R = 1(6)
Where
@ = Dij t' R = L A = ra ¥ = a(t)*_as*
ng ’ T()’ T'()’ ai*—as*

In the context of the experiment, the dimensionless radius “A” is calculated as the
ratio between and . Additionally, the variables am*, a’* and a* are utilised to quantify the
redness of the cherry flesh during the experiment. a(t}* denotes the evolving redness of
the cherry flesh over time, while a_* signifies the redness of the cherry skin upon contact
with the sweetening solution. Lastly, a * signifies the initial redness of the cherry flesh at
the outset of the experiment.

On the other hand, we will begin by addressing the second boundary condition,
B.C.2, equation (6), which is non-homogeneous. Due to this characteristic, the separation
of variables method will be employed.

The solution to the primary non-homogeneous problem takes the following form:
a*(re) = ZAn(@)Cl)n(R) (7
n
According to the orthogonality of $n(R):

1 1
L a*re)Wr) dmr)dR = ZAn(G) L Wrydmr) dnw)dR (€)
n
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Further:

1
fA a* re)Wr) Pmr)dR = bAme) (C)]
And:
1 1
Amee) = Ef a* reyWr) Pm(r)dR (10)
A

The addition of the function W(R) introduces orthogonality, ensuring that dm(R)
and dn(Rr) are orthogonal to W(R) in (A, 1).

1
0 form=n
L Wy dm(w) Pnm)dR = {b form=n

Now, turning our attention to a homogeneous problem (a*= u):

ou 20u 0d%u

36~ Ror ' oRZ an
I.C.: At®=0 u=1 at A<R<1 (11.1)
B.C.1: At® >0 u=0 at R=A4 (11.2)
B.C.2: At© >0 2—:=0 at R=1 (113)

We present a solution to the homogeneous equation (11). The subscripts on the

functions denote the number of derivatives with respect to the corresponding variable.

ume) = RewyOce) (12)
Rw O + 7 9@ Rwr = RO (12.1)

1d22}i+2d92_1d0_ 2 122
RdAR2 ° RRAR ~ 0dO (1z.2)

In the given scenario, a positive constant is symbolised as A2. To ensure that the
solution approaches zero as time, 0, increases, a negative constant, denoted as -2?,
is deliberately selected. Opting for a positive constant or zero instead would lead to a

solution that grows indefinitely as © progresses. From a mathematical perspective, this
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selection would not correspond to the physical phenomenon that the solution must
eventually approach finite boundary conditions.
Then:
{‘ﬁRz +2RR+ 12R*R =0
0+ 220 =

Whose solutions are:

Ra,m=R?2 [Cl ]1(/1 pt G, 1/1(/1 R)] (13)
0, = Cye=n® (14)
We can consider Y1, p@sa Neumann function or Bessel function of the second

2\

kind by proposal, leading to:

1
?R(An R) = R 2 [C1 ]%(AnR) - CZ ]_%(AnR)] (15)

Bessel functions of the first kind can be explicitly expressed as follows:

_ n (—D™(AR)*™
Jnar) = (AR) ;0 22min i T(n+m + 1)

(16)

Then:

2 2
jé(/lR) ’ml sinAR and | 1(/1R) /M—RCOS/IR 17)

By replacing equations (17) in equation (15):

1
Ro,pp=R?2 [Cl ’ﬁSinAnR ) ’ﬁ cos lnR] [Cl / sinA,,R —
CZ ’ — cos A R] (18)

Finally:

Uy = [(Cl ’ sinA,R — C, ’ e cos A R] 2n"0 (19)
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Where C; = C;C; and C; = C,C3.
We apply the B.C1, equation (11.2) in expression (19):

’ cosAA e” in’0

U(A 0 = =0=—
Hence: (CZ sin4,4 —tani,A 20
" TC, cosLA an (20

When we differentiate equation (28) with respect to R at R=1 using the B.C.2, we

obtain the following result

Ou 2,20 | 2 . )

ORlgey 0=e™ A, [C1(A, cos 4, —sin4,) + C3 (A, sin A, + cos 4,)]
Hence:

C; (A4, cosi, —sind,) o

C; (4,sind, +cosl,)

Further:
G _ (A, cos1, —sind,)  sini, A 27
¢, (A,sind, +cosd,)  cosA,A (22)

Now, we can derive the equation of the homogeneous problem:

sin 4, (A, sin 1,4 — cos 1,,A) + cos 4, (sin A, A + 1,,cos 1,A) = 0 (23)

Equation (23) allows the calculation of the eigenvalues A . Then:

uw,e) = Ra,.m00) = sml R-C, ’ cos/l Rle-n’0
C |27, C, o
5 /m n S
(24)

= An©)S,R)
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There are clear similarities between equation (24), which represents the solution
of the homogeneous problem, and equation (7), which represents the solution of the non-

homogeneous problem.

SR = ’ [sml R — cos/1 R]
_ 2 AR+ (A, cos A, —sink,) 1Rl = 25)
T, sin (A, sin A, + cos A,,) cosdnR| = bniry

Whilst Ao will be Ay =(Cle"1"29, to be determined from the non-

homogeneous solution. If we multiply equation (7) by dn(r) and w(R) =R?, and integrating
fromR=AtoR=1:

1 © 1
f a*(R_@)RZ Cl)n(R)dR = Z An(@) f R2 d)n(R)zdR, soIving for Am(Q) :
A T A

1
[ a*Re)Wr) bmydR 1 (1
e =7 J4 R? dmry*dR zﬁf @ ®e)R* dmerdR (26)
A m(R) A
1
Where: b = f R2 (bm(R)ZdR @n
A

The subsequent step involves establishing an ordinary differential equation for
Am(@). We proceed by deriving equation (26) with respect to the dimensionless time o.

Notably, as © does not influence the integration limits, the following equation is derived:

dAm(@) 1 0%a*
70 = E_L aRZ R? (bm(R)dR + bf aR R(l)m(R)dR (28)

Upon substituting equation (25) into equation (27) and solving for “b”, this can be

determined as:

A, 22,
2 [A,cos(A,) — sin(A,,)]
A [A, sin(4,) + cos(4,)]
[AnCOS(/ln) - Sin(ln)]z
[A,, sin(4,)) + cos(A,,)]? [(1 —A-

b - 1 {[(1 o+ sin(24,4) — sin(21,)

[sin?(,) — sin?(1,4)]

sin(24,4) — sin(24,,)
)

(30)
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If equation (25) is substituted into equation (28), the resultant outcome will be as
follows:

dAm(@) 62 * [A,cos(,) — sin(1,)]
A, f 6R2 sm(/l R+ [4,, sin(1,) + cos(4,)] COS(AnR)] dR
2|2 da"\ [ . [1,,cos(A,,) — sin(4,)]
b i, Jy (GR) sin(4,R) + [4, sin(4,) + cos(1,)] COS(A"R)] dR (31

We will now proceed with solving the ordinary differential equation for Am(@):

[1,,cos(A,) — sin(4,, )]

dAne 1 f 2 (trdar\ (] . n n
e b n—AnL (OR ) {[51n(/1nR) + [A,, sin(4,) + cos(A, ) 0s(Zn R)]

— RA, [cos(AnR) - ncos(y) = sint)] (lnR)]} R

[4, sin(1,) + cos(4,)] o
_ 1 2
"~ b |mA,

—RA, [cos(AnR) -

[A,cos(4,) — sin(A,)]
[4, sin(},) + cos(A, )] osty R)]

[AnCOS(ln) - Sin(ln)] .
[1, sin(4,) + cos(4,)] sm(/lnR)]

12 (. [
—E EL a (R,@)/ln R sm(/lnR)

[A,cos(A,) — sin(A,)]
(2, sin(A,) + cosh)] C"SunR)] dR (32)

a*(ng) |:|:Sln(AnR) +

It is noted that by multiplying and dividing the integral of equation (32) by R and
rearranging the terms, we can derive the expression for A, g; multiplied by 2,2

dAme) 1 ’ 2 (Y/0a . [A,cos(A,) — sin(A,)]
d® b @L (OR){[Sm(A"R) + [4,, sin(4,,) + cos(4,, )] 0s(A R)]

—RA, [cos(AnR)— [Ancos(R,) = sin(h)] (AnR)]}dR

[A,, sin(4,) + cos(1,)] st
_ 1] 2
" b |mA,

—RA, [cos(/lnR) -

[AnCOS(/ln) - Sin(/ln)]
[4, sin(A,) + cos(A,)] COS(A"R)]

[AnCOS(An) - Sin(ln)] .
[4, sin(4,) + cos(2,)] Sm(’l"R)]

— 1 Amo) (33)

a’ (g o) “Sin(/lnR) +

1

To address equation (33), we can resolve it by utilising the equalities outlined in
equation (22).
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v AtR=t:

. sin A (Asin 1A — cos AA) + cos A (sin 14 + A cos 1A4)
@ (rO) cos AA =0

(34

v AtR=A:

Apcos A, —sind,
Ay sin i, + cos i,

Ap coOS A, —sin i,

_ 0
>COS /1nR - /1.,,R [COS AnR - <m) sin AnR]} ‘A =0 (35)

a(re) {sin AR + (

Hence:

dAdme) |, , 2 1|2 (foa A €08 Ay, — sin Ay,
—a tAAme =7 |5 ind, + [ >—————")cos A, [} (36
ae *An Amee) b mAn (\OR J,_, sin Ay + Apsin A, + cos A, cos 4y | (36)

0 _ Ds ) .
R=1 Dr rs—roa'

Replacing equation (6) in (36), we further define: W=1\/§{‘L§( o )[sin)tn

da*
Furthermore, by B.C.2, equation (6), we know that 3z

b Dp \rs — 19

An COS Ay —sin Ay, . - .
* 7, sin i, +cosx, ) <°S7=|j. Furthermore, commencing from the definition of a*, it can be

expressed as: a*=%. In this definition, both a*; and a*;, remain constant and do not

%
i Qs

vary according to R or 6. Whereas a*(t) at R=1, Since R is fixed, it will only depend on time.

Consequently, it is plausible to consider a*=¢ @y Then:

dAne)
do

+ AnzAm(G)) = _W’S(G)) 37

Equation (37) represents the ordinary differential equation for Aoy providing the
solution needed to solve the final equation (7). Employing e 120 as the integration factor,

and using the initial condition a* » ;=1 considering the definition in equation (26):

1 1 (€] 2 2
Amee) = (5L R? GpydR — W fo §@etn @d@> e~ Mn® (38)

3 RESULTS AND DISCUSSION

In order to establish a relationship for 5(9),

provides the proposed temporal solution for the homogeneous problem: é}tn=C3e‘
An

we can refer to equation (14), which

“© This expression represents a constant multiplied by an exponential function that
decreases with time. It is well-established, both analytically and experimentally, that the

function &

© follows an exponential decay over time, akin to the Arrhenius equation.

Therefore,weproposeamodelasfollows: ¢y = Coe s® (39)

Upon substituting equation (39) into the second integral of equation (38) and

solving it:
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1t 2 WG (A 2=C5)0 —1,%0
Ame) = ;LR d)m(R)dR_/lz—_(Cs[e moe —1] e’ (40)
n

Upon substitution of equation (40) into equation (7):

* (1 2 WG, An2-C5)0 1%

Cwn =Y (5| R OumdR - [eCn’ 0 — 1] ) e 0 gy (41)
n=1 b A A" = Cs

The average volumetric parameter, denoted as a,* © will be determined through

integration using the following expression:
3 1
aV*(O) = mj a*(R‘@,) RZdR (42)
A

Hence, by substituting equation (41) into expression (42), the evolution of the
dimensionless volumetric parameter a,* © with respect to the dimensionless time © can be
derived. This analytical representation can be expanded as an infinite series, as detailed in
equation (43). It is an adapted form of the original equation initially proposed by Maldonado
& Gonzalez Pacheco (2022) and verified by Gonzalez Pacheco & Maldonado (2024).

3 1, ’
v (®)=(1_A3)Zl E[LR ‘bn(R)dR]

we,

1
2 2
_71 7 G [e(/ln —C5)0 _ 1]L chl)n(R) dR} e—An"0 (43)
n

The effective diffusion coefficients and eigenvalues 1, were determined using an
iterative nonlinear regression method in conjunction with GraphPad PRISM® Software
(V9.5.1, MA, USA), employing the least squares method. Furthermore, we utilised the
minimum chi-square method to assess the model’s suitability. When dealing with a
large mass transfer Biot number under the given conditions and the specified boundary
condition (equation 5), it is important to note that significant truncation errors may occur,
especially during the initial stages of the process. It is considered inappropriate to rely on
nonlinear regression with a limited number of terms in the series of analytical solutions to
obtain precise results for determining effective diffusivity. As a result, the first 220 terms
of the analytical solution were incorporated alongside the optimiser (W. P. da Silva et al.,

2009, 2018). We will now adopt a function to account for the temporal variation of the

1 * .
volumetric parameter a, ©
6 2
(CO = men (44)
(CS — )\n2.0031 (45)
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Where:

Ry, = (B3C3) — (D3E3) + AA; (B3E3 + D3C3) (46)
Additionally:

B, = C"S;;A) (47)

C; = % [sin(4,) — sin(A, A)] + [A cos(A,A) — cos(X,)] (48)

Dy = =et (49)

E; = i [cos(A,) — cos(A,A)] + [sin(A,) — Asin(A,A)] (50)

On the other hand, W. P. da Silva et al. (2018) conducted an investigation
using a convective-type boundary condition to simulate pure diffusive transport and
convective phenomena. The study emphasised the existence of external resistance to
mass transfer at low stirring frequencies (<100 rpm) during the extraction process of
anthocyanin dye from jambolan (Syzygium cumini (L.)). Similarly, in our current research,
we propose a method for calculating effective diffusivities and concentration profiles
(Fig. 4.a.) in cherries (Prunus avium) assuming purely diffusive transport and neglecting
external resistance to mass transfer. We also analysed the sensitivity of a* based on the
location within the cherry flesh. Our findings revealed a pronounced dye penetration at
the periphery, followed by penetration through the centre of the cherry (p<0.05). The
results indicate a double diffusion boundary at the cherry’s flesh-skin interface (Fig.
4.b.). We generated surface graphs to illustrate the evolution of the gardenia red dye
concentration, denoted as “redness,” as a function of both time and radial distance
within the cherries. The presence of a double diffusion boundary at approximately
12 mm is discernible in the visual representation (Fig. 4.c.). The boundary condition
advocated in our study (equation 5) is considered appropriate, particularly at a high
stirring frequency of 220 rpm, where the principal variable requiring determination is the
effective mass diffusivity, given a large Biot (Bi) number. However, we intend to explore
convective boundary conditions in future work to clarify the transport mechanism of

substances at low stirring velocities.
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Figure 4. a-c. Time-dependent fluctuations in the input (in) and output (out) concentrations of red gardenia
(RG) dye at 119 ppm and temperature of 40°C. These fluctuations were analysed using the hollow sphere model. Data
was fitted to the analytical model using 220 terms of the infinite series. Following adjustments to the concentration
values, the determination coefficient (R?) exceeded 99%, and a minimal chi-square value (x?) was achieved (a).
Sensitivity of the redness parameter a* to the position inside the cherry (2.63, 5.26, and 10.53 mm measured from the
centre). Data are expressed as mean + SD, two-way ANOVA with Tukey multiple comparisons test, with statistical
significance defined as p < 0.05 (b). Surface plot depicting the variation of red gardenia dye concentration profile,
expressed as redness, as a function of time and radial distance within cherries at 40°C, with a concentration of
119ppm, respectively (c). Figure 4.b. was created in BioRender. Gonzéalez Pacheco, J. (2024) BioRender.com/t24d848.

a 32.00 b PE0.0001 = 263mm
= 50700 *=0.9903 = 3 526 mm
£ 928000 ¥ =10033 3 10.53mm
S 2600
U 2400 y
< 22.00 g
g *=0.993
S 20.00 R 029 .
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= 16.00 3
81400 =
£ 1200 ®
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The mathematical model developed in this study provides insights into the diffusion
of chemical species in 1D spherical coordinates, particularly focusing on hollow spherical
foods. The application of boundary conditions at the interface of the flesh-skin-osmotic
solution and the introduction of a method to calculate effective diffusivities represent
advancements in the understanding of mass transport phenomenain such food geometries.
The findings presented in this work offer knowledge regarding the transport processes in
hollow spherical foods and pave the way for future investigations into phenomena involving
external convective resistance. The quantitative analysis of species diffusion in this context
contributes to the understanding of mass transport in food systems and holds the potential

for enhancing food processing and preservation techniques.
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