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APRESENTACAO

O livro que ora se encontra nas vossas maos, no seu quinto volume, é por tradicao
um livro de tematica interdisciplinar e transdisciplinar no campo das ciéncias sociais
aplicadas. E interdisciplinar porque cruza varias disciplinas do saber, ficando a sua
transdisciplinaridade a dever-se aos multiplos campos do conhecimento abrangidos por
estes dezassete trabalhos, qual mosaico arabe.

A metodologia seguida na organizacéo do volume privilegiou os conteudos dos
artigos, procurando-se seguir uma légica em que cada artigo possa contribuir para uma
melhor compreensao do artigo seguinte, originando conhecimento. Este método originou
quatro eixos de investigacdo, a saber: Informacao: a energia que move os sistemas,
Investigar ou a liberdade de desestabilizar o status quo, Investigar no feminino, Informacao:
um instrumento transversal.

O eixo 1 - Informacgéao: a energia que move os sistemas, enquanto conhecimento
€ a energia que move os sistemas, esta presente nos primeiros sete artigos. O eixo 2 -
Investigar ou a liberdade de desestabilizar o status quo, glosa a liberdade intelectual para
gerar conhecimento, sendo fulcral em qualquer sociedade, € o assunto ocupado pelos
quatro artigos seguintes. O eixo 3 - Investigar no feminino, realca o equilibrio entre corpo
e mente, a hiper sexualidade da mulher negra e a caracterizagdo socioecondmica de uma
cooperativa de mulheres, é ocupado pelos trés artigos seguintes. O eixo 4 - Informacgéao:
um instrumento transversal, foca-se na evidéncia empirica de os dados, devidamente
trabalhados, geram informacdes valiosas, seja para a otimizacdo da informacao em
call centers, da seguranca rodoviaria ou do enquadramento legal da atividade de
acompanhamento arqueoldgico.

Com a disponibilizagao deste quinto livro esperamos gerar inquietude intelectual
e curiosidade cientifica no leitor, incrementando a satisfacdo de novas necessidades e

descobertas, motor de toda a inovagao.

Jorge Rodrigues, ISCAL/IPL, Portugal
Maria Amélia Marques, ESCE/IPS, Portugal
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ABSTRACT: Call center optimization is
not an easy problem to solve, due to the
complexity of the mathematical models that
derive from Erlang formulas. This complexity
is transferred to optimization models, which
in most cases, conform to non-linear, non-
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CALL CENTERS PROBLEMS

convex and non-derivable objective functions.
As in all areas of Operations Research, solving
these problems demands efficient, fast
and accurate algorithms. In most nonlinear
optimization problems with constraints, the
researcher is faced with the difficulty of
verifying and validating the correct functioning
of the algorithm. In many cases, computational
complexity makes it difficult to estimate the
result by brute force. The usual way is to
have a set of similar problems or well-defined
equivalents, and with known results metrics
with which it can be contrasted. The problem s
that you don’t always have these repositories.
The need to have a strategy to validate the
convergence and precision of a numerical
sequence generated by an optimization
algorithm becomes imperative. This work
describes a statistical method to quickly
evaluate the convergence and accuracy of
algorithms that generate numerical sequences
in the approximation of a result.

KEYWORDS: Non-linear optimization.
Convergence of optimization
algorithms.Integer Nonlinear Optimization. Call
Center Optimization.

1INTRODUCTION

Optimizing operational resources in
Call Center problems is a difficult process to
solve accurately, mainly due to the complexity

of Erlang’s models, especially when trying
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to approximate reality. Although the mathematical formulations for the Erlang-A queue
models (M/M/n + G) are available, they are too complicated to derive analytical and
algorithmic solutions for Call Center problems. Therefore, solving issues such as estimating
the additional number of operators needed when the volume of incoming calls is doubled,
or determining the sensitivity of the model when there are errors in the estimation of
patience (Zeltyn et al., 2005), among others, is usually a difficult task.

The optimal administration of Call Center pursues, mainly, two opposing
objectives: 1) Optimal operational dimensioning, which seeks to minimize the cost
in hiring personnel; and 2) Maximum service levels, which seeks to maximize user
satisfaction. The first goal is achieved by solving integer linear optimization problems.
Under conditions of convexity for functions there is a robust theory in the literature
that guarantees the global solution of problems, as well as a wide development of
efficient algorithms (Robbins et al., 2010; Ingolfsson et al., 2010). Achieving the second
goal involves solving an integer nonlinear optimization problem. Most engineering
and applied science problems involve optimization models with non-convex and non-
derivable functions, resulting in complex resolution due to the existence of multiple
local optimums. This requires the creation of procedures to deal with these difficulties
during the search for good solutions that may not be optimal but satisfactory. To say
that a solution is satisfactory implies the realization of a set of previous activities that
guarantee that the algorithm converges to a limit point, and that its approximation is in
an acceptance interval. Validating the reliability of the algorithmic result of a restricted,
non-convex, non-derivable nonlinear problem is a complex task, especially if you do
not have in the literature well-defined problem repositories, with known results metrics
with which it can be contrasted. Consequently, several researchers use simulation as
a comparison tool, supported by confidence intervals (Kim et al., 2011). In order to use
simulation in convergence analysis, statistical theory is used to extract from it, some
concepts such as Residual Analysis and Empirical Rule 68-95-99. The evaluation of
kurtosis is incorporated into the analysis for sample data that follow a normal distribution.
Simulation is used as a valid frame of reference for the generation of empirical residual
samples on which the new method is developed.

The present work shows a statistical procedure that allows to quickly study the
convergence and precision of results obtained by algorithms that approximate a solution
to non-linear problems. Section 2 describes the conceptual framework considered for
the development of the method. Section 3 describes the rapid convergence validation

process. Finally, in section 4, the conclusions are presented.
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2 CONCEPTUAL REFERENCE FRAMEWORK
21 RESIDUAL ANALYSIS

The residual analysis is the tool used to evaluate the suitability of a linear regression
model against a set of experimental data by defining residuals and verifying statistical
assumptions through the analysis of residual plots (Topp et al., 2004; Asuero et al., 1989).

The main statistical assumptions regarding the regression model that are verified
with the residuals plot are (Black, 2010; Massart et al., 2003):

1. The generation of residuals must have a random behavior and be independent
and identically distributed.
2. All residuals must have the same variance. This means that the variance must
be constant throughout the dynamic concentration range of the residuals. This
property is known as homoscedasticity.
3. Allresiduals must be random variables with (approximately) normal distribution
with mean 0, therefore the expected value of residuals must be O.
The verification of properties, such as being independent and identically distributed,
leads to the fulfillment of other implicit assumptions (Korner-Nievergelt et al., 2015).

Once the residual independence is verified, it implies the fulfillment of assumptions
such as: a) the residuals are not correlated with any other variable included or not in the
model; b) The residuals are not grouped (i.e., the sample means of any set of residuals
should all be equal); ¢) The residuals are not autocorrelated (i.e., no temporal or spatial
autocorrelation exist).

On the other hand, to say that the residuals are identically distributed means that:

a) All the residuals come from the same distribution. In the case of a linear regression, it
is assumed that they all come from the same normal distribution; b) The residual variance
is homogeneous, that is, the homoscedasticity property is fulfilled; ¢) The mean of the
residuals is zero throughout the range of predictor values. When numerical predictors
(covariates) are present, it implies that the relationship between the independent and
dependent variable can be adequately described by a straight line in the plane.

The difference between the observed values of the dependent variable ( y ) and

the values predicted by the model ( y ) is called residual ( e ) (Martin et al., 2017). Also

known as error. That is:

Residuals (e) = Observed values (y)—values predicted by the model (y) = e=y—p

Where Ye, = 0 and e =0 provided that the statistical assumptions are fulfilled.
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Figure 1: Residuals with normal distribution.
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A residual plot shows the residuals on the vertical axis and the independent
variable on the horizontal axis. When the points on the graph are randomly scattered
around the horizontal axis, the linear regression model is considered appropriate for the
data. A quick way to check the assumption of normality is to analyze the trend of the
graph. If the residuals are drawn approximately along or over the straight line as in figure
1, then the normality assumption is fulfilled (Myers et al., 2009), which implies immediately
satisfying the assumptions of implication mentioned above. From the conceptual point
of view, the analysis of residuals constitutes a simple tool that facilitates the detection
of errors and the verification of the degree of approximation between an empirical or

theoretical equation with experimental results (Tomas et al., 2006).

2.2 EMPIRICAL RULE OR 68-95-99

Using a central estimate such as the mean or median along with a measure of
variation (such as the standard deviation or interquartile range) in a sampling distribution
is a good way to describe the values or behavior of a population. In case that the relative
frequency histogram of the data has the shape of a bell (or has an approximately normal
distribution), the population mean and the standard deviation are the appropriate
combination to study variability or dispersion, and a special rule links them to obtain fairly
detailed information about the general population. This rule is the so-called empirical rule,
also known as the 68-95-99 rule (Rumsey, 2016).
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Figure 2: Empirical Rule. Percentage data according to distance from the mean.
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The empirical rule is a general rule that is used to indicate the approximate
percentage of sample values that are found within the interval formed by the standard
deviations with respect to the sample mean, when these are normally distributed (Black,
2010). The rule is generally applied to a random variable that follows a normal distribution,
with mean p and standard deviation c. An important characteristic expresses that, if the
distribution of the data is more or less symmetric, unimodal and follows a normal law or
an approximation to it, then approximately 68.27% of the data are concentrated within the
range pu + ¢ ; 95.45% within p + 2 o, and 99.73% within p £ 3 o . Figure 2 illustrates the three
intervals of the 68-95-99 rule. An important point to keep in mind is that the empirical rule

does not apply to data sets with very asymmetric distributions.

2.3 RESIDUAL EMPIRICAL VALIDATION PROCESS

The objective is to know if the optimization algorithm executed with different initial
points from the decision space converges to the same limit point, and if this is close to the
solution of the problem under study or not. The conclusions are developed from statistical
comparisons between the outputs of a simulation process and the deterministic results

obtained by the objective algorithm.
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Figure 3: Residuals Sample formation process.
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The procedure consists in generating observations from the results of the algorithm
which are obtained from m executions with m different starting points from the decision
space. The simulation processes are also started with the m different points used by the
algorithm, see the diagram in figure 3. If 4, is the observed value obtained as a result of the
algorithm executed in the j-th experiment, and S, the estimation of the same study variable
obtained by simulation in the i-th process, then the residues r,=A4,— S, Vi = 1.. m, form the
residual random variable R. Thus, if A — E (S,) then E(R) — 0. After generating the sample,
the residuals analysis is performed to ensure fulfillment of the statistical assumptions.
Failure to comply with some of the assumptions implies increasing simulation times and
generating a new sample of simulation observations using the process of the alternative
not chosen. If some of the statistical assumptions of the analysis of residuals were to fail
again, then the hypothesis that the algorithm converges to the solution of the problem
under study is rejected. In the case that all the assumptions are verified, it is considered
that the algorithm tends to converge to a limit point that may or may not be close to the
solution of the target problem. The next step is to analyze the degree of concentration
of the residues around the central measure. The estimate is obtained from the Kurtosis
indicator, which measures the degree of flatness or tailedness of the shape of the sample
distribution with respect to the normal curve (Khurshid et al., 2007). In the comparison
with the normal distribution curve, if the kurtosis indicator is greater than 0, the sample
distribution will be Leptokurtic; if it is equal to O it will be Mesokurtic, (it indicates that it

has a normal distribution); however, if the indicator is less than O, the distribution will be
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Platykurtic (Chissom, 1970, Pearson, 1905). For a successful application of the empirical
rule, a kurtosis indicator larger or equal to O is desirable. This will give rise not only to a
successful validation of the algorithm’s convergence, but also to a convergence with an
acceptable degree of precision.

Once the kurtosis condition is satisfied, the results derived from the Standard
Deviation (o) will be studied in its three values: ¢, 26 and 3¢ , according to the 68-95-99
empirical rule. It is desirable that 100% of the algorithmic results are within an acceptable
approximation range around the solution. As it is a statistical study, it will be sought that at
least a certain percentage of the algorithmic results have an acceptable precision, which
implies setting an upper bound of 2c or 3c, which will depend on the type of problem to
be solved. Thus, for example, for the case study described in section 3.2, which seeks
to determine the optimal distribution policy of working shifts for the operators of a Call
Center, which maximize service levels (SL), requires that 2c or 3o be less than 1 - since,
the SL is quantized in the real range (0, 1] — to ensure that at least 95% of the algorithmic

results are within the precision range.

3 RAPID CONVERGENCE VALIDATION PROCESS

The validation of the algorithm, aims to give reliability in stability and convergence
towards a satisfactory result, considering certain precision. The method consists of
7 steps, of which the first 5 corresponds to the study of convergence towards a limit
point; and the last 2, to the study of the proximity of the limit point to the solution of the

optimization problem.

31 GENERATION OF INDEPENDENT AND IDENTICALLY DISTRIBUTED SAMPLES

Each point of the decision space of the optimization problem is the starting point
of the algorithm that concludes with a result. It is convenient to design a grid of points that
covers the total area of the decision space. The objective algorithm will generate as many
results as there are points in the grid. In an ideal convergence scenario, all the results
given by the algorithm for a particular optimization problem must be exactly the same. The
algorithmic process is numerical and the results should be at least approximately equal
for successful validation. The numerical reference series can come from a deterministic or
stochastic numerical process and are approximately equal with acceptable precision as
much as you want. In case any of the numerical series comes from a stochastic process

a new sample is selected with one of the two alternatives:
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1) Perform n different executions of the simulation and extract from them a subset
of m (m <n) results of the study variable, preferably those with the greatest variability. This
will lead to m observations. Or,

2) Form n groups of m different simulation executions, with n different seeds for
the generation of pseudo-random numbers (each group uses the same seed for the m
simulations). Each group of m simulation results forms a row of the matrix of size nxm.
Then, a new random sample is designed by averaging the values of each column of the
matrix, as shown in figure 4, thus generating, m values observed, with characteristics of
being independent (Law et al., 2000).

From either alternative, m independent observations are obtained, identically

distributed, and approximately normal, very convenient for the generation of residuals.

Figure 4: Sample formation process from simulations.
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3.2 VERIFICATION OF THE ASSUMPTION OF NORMALITY. RESIDUALS GRAPHIC

The result of the previous step does not guarantee that the residual sample
is independent and identically distributed when both numerical series come from
deterministic processes. It is sought in all cases, that the residuals sample has a
distribution, at least approximately normal. A rapid verification of the normal assumption
is to analyze the normal probability graph of residuals. In the graph, they will show the
residuals on the vertical axis and the independent variable on the horizontal axis. If the
points in the residual graphic are randomly dispersed around the horizontal axis, then the
normality assumption is verified, since the residuals is approximately along or on the line

of trend. Once the assumption of normality is fulfilled, it implies immediately satisfying the
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assumptions of Step 1. From the conceptual point of view, the residuals analysis forms
a simple tool that facilitates the detection errors and the verification of the degree of
approximation between an empirical or theoretical equation with results with results with

results experimental.

3.3 NORMALITY VALIDATION IN THE RESIDUALS SAMPLE

Step 2 can be considered subjective, since it depends on the estimates and details
sought by the observer. Therefore, rapid validation to demonstrate that the residuals are

distributed (approximately) normal is to verify that e, » 0 and e — O.

3.4 AUTOCORRELATION TEST IN THE RESIDUALS SAMPLE

The independence of residuals values with each other is key to demonstrating
that residual is randomly distributed according to a normal distribution. To demonstrate
the existence or not of autocorrelation, the Durbin-Watson indicator (Durbin et al., 1950)
is used, whose expression is shown in Figure 5, which takes value 2 when the residual is

completely independent, from the theoretical point of view.

Figure 5: Durbin-Watson indicator.
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A DW< 2 indicates positive autocorrelation, and a DW >2 a negative
autocorrelation. In practice when DW is between 1.5 and 2.5 it is considered that there
is independence. To calculate this, the DW statistic is compared with critical values
according to the level of significance a. These values are tabulated for the critical
estimators d,_and d,, (Durbin et al., 1951).

The null hypothesis H is contrasted against the alternative H , where H, = The
residuals are not autocorrelated and H, = The residuals are autocorrelated. The null

hypothesis H, is not rejected if the result DW < [d;; 4 - d 1.

3.5 TEST DE HOMOSCEDASTICITY

To demonstrate homoscedasticity, the Bartlett Test is used (Bartlett, 1937).
This defines the null hypothesis, H, that the variances of k independent samples of a
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population are equal, versus the alternative hypothesis that at least two are different. The
statistic is shown in Figure 6. The test statistic T has a distribution which is approximately

)(,f_l . Due to this, the null hypothesis is rejected if T > Zl?—l,a with a significance level a.

Figure 6: Bartlett statistic.
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The non-verification of some of steps 2 to 5 implies that the numerical sequence

k 2
_N* .oQ2 Zi:l -1 S
donde N = E s S, = S E

generated by the objective algorithm does not converge to a limit point, so the validation
process is interrupted with a negative conclusion. Otherwise we proceed with steps 6
and 7.

3.6 KURTOSIS ANALYSIS

The next step is to analyze the degree of accuracy of the convergence. To do
this, the degree of tailedness of the approximately normal distribution of the residuals
sample is measured, which is achieved with the kurtosis indicator. The Joanes Kurtosis
Indicator is proposed, which is unbiased for normal distributions (Joanes et al., 1998). The

expression is shown in Figure 7, where S denotes the standard deviation.

Figure 7: Joanes Kurtosis Indicator.
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For a successful application of the empirical rule, an indicator of kurtosis K greater
than or equal to zero is desirable, which will lead not only to a successful validation of
the convergence of the algorithm, but also to a convergence with an acceptable degree

of precision.

3.7 ANALYSIS BY EMPIRICAL RULE — DEGREE OF PRECISION

Considering the previous result, and by application of empirical rule 68-95-99, it
is known that 99.7% of the observations are concentrated in the range either in [ X -3c;
X +3c] or in [u —3c; u +3c]. Therefore, to statistically estimate the degree of proximity of

the limit point to the solution of the optimization problem, it is necessary to set an upper
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bound for 3. If the residual sample generates a value of 3c greater than said bound, then
it would be concluded that the limit point to which the algorithm converges does not have
the desired proximity to the solution of the objective problem. Otherwise, the algorithm

result is accepted as an approximate solution of the optimization problem.

4 CONCLUSIONS

The statistical method presented is a fast technique to demonstrate convergence
and accuracy of the results by algorithms, which in their process, generate numerical
series. Residual analysis is a statistical process used to study approximation
characteristics in regression models. In this work, this process is shown as a key resource
in the study of convergence of optimization algorithms in nonlinear problems. The
combination of the kurtosis indicator with the empirical rule 68-95-99 made it possible
to estimate the degree of similarity between the results obtained by the algorithm and
those of simulation. The computational tests in which the technique was used, included
non-linear optimization problems of small and medium size, up to dimension 1000. These
tests included Call Center problems with constraints and non-linear, non-convex, non-
derivable objective functions that do not configure quadratic models and on a discrete
domain. The technique showed satisfactory and encouraging experimental results.
It is risky and premature to establish conclusive and final conclusions of the general
applicability of the technique in all areas of optimizations in the field of Operations
Research, so it is necessary to extend the study for the generalization of the technique to
other fields of knowledge. The Residual Empirical Validation technique could be a way to
begin to discuss the convergence of optimization algorithms whose results are wrapped

in a blanket of uncertainty.
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